
UNCLASSIFIED 

AD     4l26 8 4 
tjmzm it tf«mtl 

DEFENSE DOCUMENTATION CENTER 
FOh 

SCIENTIFIC AND TECHNICAL INFORMATION 

CAMERON STATION. ALEXANDRIA. VIRGINIA 

UNCLASSIFIED 



NOTICE: "When government or other drawings, speci- 
fications or other data are used for any purpose 
other than in connection with a definitely related 
government procurement operation, the U. S. 
Government thereby incurs no responsibility, nor any 
obligation whatsoever; and the fact that the Govern- 
ment may have formulated, furnished, or in any way 
supplied the said drawings, specifications, or other 
data is not to be regarded by implication or other- 
wise as in any manner licensing the holder or any 
other person or corporation, or conveying any rights 
or permission to manufacture, use or sell any 
patented invention that may In any way be related 
thereto. 



BLANK PAGES 
IN THIS 
DOCUMENT 
WERE NOT 
FILMED 



3 

CJ> <N* 
^ IH 
^^ 
>- 
ca       • 

O 
LxJ   *"""" 

Siilll §D 
Wtlgmgi 

l__ 

A^D-TDR-63-635 

00 

THORIUM OXIDE- DIFFUSION OF OXYGEN, 

COMPATIBILITY WITH BORIDES, 

AND FEASIBILITY OF COATING BORIDES 

BY PYROHYDROLYSIS OF METAL HALIDES 

CD 
co 

CO 
0} 

<tf 

TECHNICAL DOCLiMENTARY REPORT NO. ASD-TDH-63-635 

July 1963 

AF Materials Laboratory 

Aeronautical Systems Division 

Air Force Systems Command 

Wright-Patterson Air Force Base, Ohio 

,13 1963 

Project No. 7350, Task No. 735001 

(Prepared under Contract No. AF33(657)-8470 by General Electric Company 

Nuclear Materials and Propulsion Operation, Rvendale, Ohio; 

II. S. Edwards, A. F. Rosenberg, and J. T. Bittel, Authors) 



NOTICES 

When Government drawings, specifications, or other data are used for any 
purpose other than in connection with a definitely related Government procure- 
ment operation, the United States Government thereby incurs no responsibility 
nor any obligation whatsoever; and the fact that the Government may have 
formulated, furnished, or in any way supplied the said drawings, specifications, 
or other data, is not to be regarded by implication or otherwise as in any 
manner licensing the holder or any other person or corporation, or conveying 
any rights or permission to manufacture, use, or sell any patented invention 
that may in any way be related thereto. 

Qualified requesters may obtain copies of this report from the Defense 
Documentation Center (DDC), (formerly ASTIA), Arlington Hall Station, 
Arlington 12, Virginia. 

This   report   has   been   released  to   the   Office  of Technical Services, U.S. 
Department of Commerce, Washington 25, D.C., for sale to the general public. 

Copies of this report should not be returned to the Aeronautical SystemB 
Division unless return is required by security considerations, contractual 
obligations, or notice on a specific document. 



FOREWORD 
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the coating and compatibility problems; by J. Beeler and Miss C. Menke for the computations re- 
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ABSTRACT 

Measurements of self-diffusion of oxygen in Th02 were complicated by slow exchange at the 
surface. The measured values of the diffusion coefficient, D, range from 1.8 x 10"*' cm^/sec 
at 800°C to 3.5 x 10-8 cm2/sec at 1500°C. The rate constant of the surface reaction, K, ranged 
from 6.8 x 10"10 cm/sec at 800°C to 1.3 x 10"4 cm/sec at 1500°C. The results may be ex- 
pressed by equations of the form 

and 

Specifically 

and 

D = D0exp(45D) 

K = Koexp(^) 

_      .   .          /-65,800\        9, 
D = 4. 4 exp V ±=—) cm2/ 

RT 

„ „     ,.-»          /-63,800\ , 
K = 7.6x lO* exp [ 5T

-
/ cm/sec 

RT 

The value DQ ■ 4.4 indicates that the diffusion was intrinsic in this temperature range. 

Attempts to deposit dense impervious layers of Th02 on selected solid borides (95TiB2 - 
5CrB2, TiB2,  ZrB2, and HfB2) by pyrohydrolysis of ThCl4 were essentially unsuccessful. The 
main problem was attack of the borides by CO2 in the coating gas. With further work, the pyro- 
hydrolysis technique might prove to be an economical way to build up a coating of ThC<2 that had 
been started by another method. 

The commercially available boride samples which were tested reacted with TI1O2 at tem- 
peratures in the range 2400° to 2600°C. The boride samples also reacted with graphite in the 
temperature range of 2400° to 2700°C. Because of these reactions, a graphite -boride -thoria sys- 
tem >vill be useful fo: only limited times at temperatures above 2400°C. While pure borides were 
not investigated, it is expected that their behavior would be similar to that of the commercial 
samples examined in this work. 

This technical documentary report has been reviewed and is approved. 

Z#L 
"W.  0.  RAMKE 
Chief,  Ceramics and Graphite  Branch 
Metals and Ceramics Division 
Air  Force Materials  Laboratory 
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1. INTRODUCTION 

The usefulness of graphite would be markedly increased if it could be maintained in oxidizing 
atmospheres. It has been suggested that a high-melting boride might serve as a buffer between 
graphite and thorium oxide which might be protective if it could be kept from reacting with graph- 
ite. For a system of this type to be useful, TI1O2 must be resistant to diffusion of oxygen, it 
must be capable of being applied to selected borides, and it must not react with them. The three 
parts of this research program, oxygen transport in thoria, deposition of coatings, and the com- 
patibility of thoria wkn borides, were directed toward finding out if these aims could be achieved. 

Manuscript released by authors July 1963 for publication as an ASD Technical Documentary 
Report. 
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2.  OXYGEN TRANSPORT 

2.1 THEORY OF SELF-DIFFUSION 

Diffusion is the process in which matter is transported by random molecular motion from 
one part of a system to another; in this study, the transport of a gas (oxygen) into a solid (thori- 
um oxide) was investigated. The theory of gas migration through a solid has been treated by 
Kingeryl and others^. The mathematics of the diffusion process is treated exhaustively by 
Crank4 and others,5>6>'7 Most of the diffusion equations used in this research are derived and 
discussed in the appendices. 

One of the simplest methods of measuring diffusion coefficients of a material is by observing 
the change in pressure as a gas diffuses through a membrane of this material. However, at ele- 
vated temperatures this method presents formidable obstacles partly because of difficulties in 
preventing gas leakage around the sample. 

The approach favored by several investigators8,9 has been to immerse the solid in a well- 
stirred gas. The mathematical equations describing this diffusion process have been solved only 
for solids in the form of a plane sheet, a cylinder, or a sphere. Most investigators have pre- 
ferred spherical samples because they satisfy both the mathematical and the experimental needs. 

The diffusion of oxygen into thoria is expected to be a two-step process, (1) oxygen exchange 
on the surface and (2) migration of oxygen into the solid. This second step usually is expected to 
be slower than the first and therefore to be the rate controlling one. The following tests can be 
made to gain confidence that diffusion is the rate-controlling step. The diffusion coefficient must 
be independent of the effective radius of the thoria spheres, the initial pressure, the initial en- 
richment, the molecular composition of the gas, and the time the reaction has proceeded. 

2. 2 MATHEMATICAL TREATMENT 

The diffusion of a solute from a limited volume of well-stirred solution into a sphere of radius 
a is described by Equation (2-1). It is assumed that equilibration between the gas and the surface 
of the solid is instantaneous. 

2 Dt 
-as —<c- 

,     v>  6X(1 +X)e 
= 1 - Li  5  

M» a=l     q2x2 + 9x+9 

where: 

Mt = amount of solute taken up by the sphere in time, t 
Moo = amount of solute UM sphere could take up in infinite time 

D ■ diffusion coefficient 



t = elapsed time 
a ■ radius of the sphere 
A = (1 - F)/F, where 1 - F = fraction of the solute remaining in the solution as t— <*> 

qa = one of the non-zero, positive roots of tan qa = 3 qa/(3 + A qa). 

It is often tedious and difficult to evaluate the solution to the above equation. Carman and 
Haul*> developed an approximation to this equation which is more suited to hand calculations. 
This is given by Equation (--2): 

ÜL 

where: 

1 
(»♦!•) 

= (1 +a 

+ (higher terms) 

1/2       ■ 
+ 1 

1 -      Y}     eerfc (zy-,—)-      y2     eerfc ( -3y2 — 

(2-2) 

r2 = vi - 1 

Dt 
a2 

1 - F 
a = —— 

F 

eerfc y E (exp y2)(erfc y) 

Using an IBM 7090 Computer, a program was established to: 

1. Compare numerical solutions of the exact equation with numerical solutions of the Carman- 
Haul approximation. 

2. Establish numerical values of M^/Moc for  V Dt/a2 from 0 to 0.40. 

The comparison of the exact solution with the Carman-Haul approximation shows that the two 
equations give good agreement to five significant figures for: 

0.02 <(HZ)        <0.10 

For F > 0.75. the approximate equation should not be used. The Mt Mw values it gives become 
greater than 1 and then approach 1 gradually from above with increasing F. Below values of 
(Dt/a )     ■ = 0.02, the program for the exact equation breaks down because only a limited num- 
ber of roots can be handled conveniently, and the program for the Carman-Haul approximation 
has to be used. 

Table 1 lists the computed values for Mt/M«, for 0. 0 <(Dt a2)1/2 <0. 40 at values of the 
fractional uptake,  F, from 0.10 to 0.90 in increments of 0.05. This group of values covers any 
possible experimentally useful range. A plot of the various uptake curves is given in Appendix IV. 

If it is assumed that equilibration at the gas - solid interface proceeds at a finite rate, then 
Equation (2-3) is applicable: 

y Dt 
2    ~qa ^2 

M»     .     2(1 + A) r la e       *  

Jt~    - -TJT-ii F^4)+ F2 + q| E2^ (2_3) 



TABLE   1 

NUMERICAL SOLUTIONS OF THE DIFFUSION EQUATION FOR 
SPHERES WITH INSTANTANEOUS EQUILIBRIUM AT THE SURFACE 

(Dt/a2)'   : F - 0.90 F = 0.85 F = 0.80 F     0.75 F     0.70 F    0.65 F     0.60 F     0.55 

0.005 0.150 0.104 0.080 0.065 0. 054 0.047 0.041 0.037 

0.010 0.269 0.194 0.152 0.124 0.108 0.091 0.081 0.072 

0.015 0.365 0.271 0.216 0.179 0.153 0.133 0.118 0.105 

0.020 0.443 0.339 0.273 0 229 0.197 0.173 0.154 0.139 

0.025 0.508 0.397 0.326 0.275 0.239 0.210 0.188 0.170 

0.030 0.562 0.449 0.373 0.318 0.278 0.246 0.221 0.200 

0.035 0.607 0.495 0.416 0.358 0.314 0.280 0.252 0.229 

0. 040 0.646 0.535 0.455 0.395 0.348 0.312 0.282 0.257 

0.045 0.679 0.571 0.490 0.429 0.381 0.342 0.310 0.284 

0.050 0.723 0.603 0.523 0.461 0.411 0.371 0.337 0.310 

0.055 0.733 0.632 0.553 0.490 0.439 0.398 0.364 0.334 

0.060 0.755 0.658 0.580 0.518 0.466 0.424 0.389 0.358 

0.065 0.774 0.682 0.606 0.543 0.492 0.449 0.412 0.381 

0.070 0.792 0.703 0.629 0.567 0.516 0.472 0.435 0.404 

0.075 0.807 0.723 0.651 0.590 0.539 0.495 0.457 0.425 

0.080 0.821 0.741 0.671 0.611 0.560 0,516 0.478 0.446 

0.085 0.834 0.757 O.C89 0.631 0.580 0.537 0.499 0.465 

0.090 0.845 0.772 0.707 0.650 0.600 0.556 0.518 0.485 

0.095 0.855 0.786 0.723 0.667 0.618 0.575 0.537 0.503 

0.100 0.865 0.799 0.738 0.684 0.635 0.593 0.555 0.521 

0.105 0.873 0.810 0.752 0.699 0.652 0.610 0.572 0.538 

0.110 0.881 0.821 0.765 0.714 0.667 0.626 0.588 0.555 

0.115 0.888 0.832 0.778 0.728 0.682 0.641 0.604 0.571 

0.120 0.895 0.841 0.789 0.741 0.697 0.656 0.620 0.586 

0.125 0.901 0.850 0.800 0.753 0.710 0.670 0.634 0.6C1 

0.130 0.907 0.858 0.810 0.765 0.723 0.684 0.648 0.616 

0.135 0.912 0.866 0.820 0.776 0.735 0.697 0.662 0.630 

0.140 0.917 0.873 0.829 0.787 0.747 0.710 0.675 0.643 

0.145 0.922 0.880 0.838 0.797 0.758 0.722 0.688 0.656 

0.150 0.926 0.886 0.846 0.806 0.769 0.733 0.700 0.669 

0.155 0.930 0.892 0.853 0.815 0.779 0.744 0.712 0. 681 

0.160 0.934 0.898 0.861 0.824 0.789 0.755 0.723 0.693 

0.165 0.938 0.903 0.867 0.832 0.798 0.765 0.734 0.704 

0.170 0.941 0.908 0.874 0.840 0.807 0.775 0.744 0.715 

0.175 0.944 0.913 0.880 0.847 0.815 0.784 0.754 0.726 

0.180 0.947 0.917 0.886 0.855 0.823 0.793 0.764 0.736 

0.185 - - - - - 0.802 0.773 0.746 

0.190 . - - - - 0.810 0.782 0.756 

0.195 - - - - - 0.818 0.791 0.765 

0.200 0.958 0.933 0.907 0.880 0.853 0.826 0.800 0.774 

0.205 _ ■ - - - 0.833 0.808 0.783 

0.210 - - - - - 0.840 0.815 0.791 

0.215 - - - - - 0.847 0.823 0.799 

0.220 - - - - - 0.854 0.830 0.807 

0.225 - - - - - 0.860 0.837 0.815 

0.230 - - - - - 0.866 0.844 0.822 

0.250 0.975 0.960 0.944 0.926 0.908 0.888 0.869 0.849 

0.300 0.986 0.977 0.967 0.956 0.944 0.931 0.917 0.903 

0.350 0.993 0.988 0.982 0.975 0.968 0.959 0.950 0.941 

0.400 0.996 0.994 0.991 0.987 0.983 0.978 0.972 0.966 



TABLE 1 (Cont.) 

NUMERICAL SOLUTIONS OF THE DIFFUSION EQUATION FOR 
SPHERES WITH INSTANTANEOUS EQUILIBRIUM AT THE SURFACE 

(Dt/a2r F = 0.50 F = 0.45 F = 0.40 F= 0.35 F=0.30 F = 0.25 F = 0.20 F= 0.15 F = 0.10 

0.01 0.065 0.080 0.055 0.051 0.047 0.044 0.042 0.039 0.037 

0.02 0.126 0.116 0.107 0.099 0. 093 0.087 0.082 0.078 0.073 

0.03 0.183 0.169 0.157 0.146 0 137 0.128 0.121 0.115 0.109 

0.04 0.236 0.219 0.203 0.190 0.179 0.168 0.159 0.151 0.143 

0.05 0.286 0.266 0.248 0.233 0.219 0.207 0.196 0.186 0.177 

0.10 0.491 0.464 0.440 0.418 0.398 0.379 0.363 0.348 0.334 

0.15 0.640 0.613 0.588 0.565 0.543 0.523 0.504 0.487 0.470 

0.20 0.749 0.726 0.703 0.682 0.661 0.642 0.623 0.605 0.588 

0.25 0.830 0.811 0.792 0.773 0.755 0.738 0.721 0.705 0.689 

0.30 0.889 0.874 0.859 0.844 0.830 0.815 0.801 0.787 0.773 

0.35 0.931 0.920 0.909 0.898 0.887 0.875 0.863 0.852 0.840 

0.40 0.959 0.952 0.944 0.936 0.928 0.920 0.911 0.902 0.893 



where the symbols different from those In Equation (2-1) are: 

qa =: one of the non-zero, positive roots of tan qa = ■ 

E 
_1 

«a2 

9qa 

F 
1 QN   2 

"Tqa 

ThJ Is F should i 

N = 
3 

1 

Q = 
DS 
K 

3 
S = surface-to-volume ratio.  For a sphere, S = — 

K = rate constant of the surface exchange reaction, In cm/sec. 

The behavior of Equation (2-3) is discussed in Appendix IV. 

2. 3 EXPERIMENTAL EQUIPMENT AND MATERIALS 

Diffusion Apparatus 

The experimental equipment for the determination of the diffusion coefficient of 0£ In Th(>2 
is shown in Figures 1, 2, and 3. Its main part Is a Vycor reaction vessel, 40 mm in diameter by 
approximately 200 mm long. The vessel Is connected to a manifold that also has five double 
sample containers and a mercury manometer attached. One leg of the manifold contains an 
electro-magnetically operated miniature pump which enhances the gas circulation through the 
reaction vessel and the manifold. One end of the manifold is connected to a Toepler pump. To 
one leg of the Toepler pump, a 500 ml bulb containing the undiluted O218 is attached; to the other 
leg, a 1000 ml bulb that holds the used 03^ is attached. In this way, most of the used 03^ can 
be recovered and stored for further use. The entire system is connected to a mechanical vacu- 
um pump for evacuation. 

The reaction vessel has an optically flat Vycor window at one end to allow undlstorted view- 
ing and temperature measurements with an optical pyrometer.   A 21-turn coil of 3/16-inch tubing, 
wound around the reaction chamber, is connected to a 2. 5-KVA induction heater to heat a cylin- 
drical susceptor inside the reaction vessel.  Figure 2 is an exploded view of the reaction vessel 
and its contents. The ThÜ2 spheres are placed in a boat inside the susceptor along with some 
black body tubes to facilitate accurate temperature measurements. 

Two susceptors were used during this investigation.  A heavy-walled 50Pt - 50Rh susceptor 
of 3/4-inch diameter with 1/8-inch wall thickness was used for temperatures up to 1100°C.  For 
temperatures above 1100°C, a 1/2-inch-diameter platinum tube with a 0.010-inch wall thickness 
was used. This tube had better coupling characteristics in the radio frequency field and therefore 
was easier to heat to higher temperatures. 

*After experiment 37 was conducted, a 10^0 standard taper joint was attached to the reaction 
vessel to allow the introduction of a Pt ' Pt - lORh thermocouple for temperature measurement 
below 900°C. 

6 



Fig. 1 Schematic diagram of diffusion apparatus Inset: Cutaway draw- 
ings of sample bulb and electromagnetic-ally operated miniature 
pump 



I 

Fig. 2-Kxploded view of reaction chamber (Neg. P62-8-17B) 



FIR.  I    Diffusion apparatus (Neg. P62-8-17a) 



Induction Coupled Plasma Torch 

Spheres of relatively low melting solids are easily prepared by dropping powder through an 
oxygen-gas flame. Because of the short residence time in the hot zone, this method is unsuitable 
for refractory materials. 

To prepare the diffusion samples for this work, it was necessary to heat ThC"2 powder well 
above its melting point (approximately 3300°C) and to quench the molten droplets rapidly to obtain 
spheres of the desired size and density. The usual techniques of resistance or induction heating 
will not easily produce the desired temperatures; therefore, an inductively coupled plasma ap- 
paratus was used. Drawings of this apparatus are shown in Figures 4 and 5. Reedi"»**^* has 
discussed the theory and operation of this plasma torch in considerable detail. 

After local preheating, argon can be ionized at atmospheric pressure by inductive coupling 
at approximately 4 megacycles or higher. The partially ionized gas then becomes electrically con- 
ductive, and approximately 50 percent of the power input of the radio frequency induction coil is 
transferred to the gas. This results in flames with temperatures of the order of 15, 000°K at the 
center decreasing to 5, 000°K at the outside. The ThC>2 powder is swept up by a carrier gas and 
allowed to fall through the plasma torch where it is melted and spherodized.   The spheres are 
then quenched in, and collected under, water. Figure 6 shows ThC-2 spheres prepared this way. 
Several grams of spheres with diameters ranging from 44 to 74 microns have been prepared.lt 
was thought that spheres of larger diameters could be produced in this manner. However, all 
attempts at making larger, dense spheres were unsuccessful. 

A 300-micron-diameter powder was passed through the plasma torch repeatedly. Only par- 
tial spherodization was accomplished. Even the spheres which were made were not solid, but 
had central voids. The material was deemed unsuitable for use in this study. 

Mass Spectrometer 

For each experiment, two samples were taken to obtain the initial gas composition.  Experi- 
ments 1 through 8 were performed with gas samples containing the original 97.7 percent oxygen- 
18. These 15 samples were used to evaluate the performance of the mass spectrometer. The 
values obtained are listed in Table 2.  From this table it can be seen that the precision of the mass 
spectrometer measurements is better than two parts per thousand at the highest enrichment. At 
the lowest enrichments it decreased to six parts per thousand. Actua lly the mass spectrometer 
may be capable of more precise measurements since it is quite possible that some of the samples 
may have contained very small amounts of air either because of insufficient initial pump-out of 
the diffusion apparatus or because of leakage. In any event, these data show that the mass spec- 
trometer data are more precise than needed for this study. 

Materials 

Thoria - The ThC>2 used in this investigation was initially 99.7 percent pure. Spectrographic 
analyses revealed the following contaminants, at less than 100 ppm each: Si, Fe, Cr, Mn, Ca, 
Mg, Zr, Pb, and Na. The material was also examined for: Al, Ti, V, Bi, Mo, Sn, Y, Ag, Sb, 
As, Co, B,  Zn, Ba, Sr, K, Nb, W,  Li, and Cd. None of these was detected. 

In preparing diffusion specimens, the fine ThÜ2 powder was extruded with hydroxymethyl- 
cellulose as a binder into 1  8-inch-diameter rods that were chopped into pellets and calcined at 
3100°F for 4-1  2 hours in hydrogen, using molybdenum boats as containers. These pellets were 
thtii ground and sized prior to spherodizing. 

Spectrographic analysis of a spherodized sample revealed less than 100 ppm each of Ca,  Mg, 
and Fe contaminants. The material was also examined for: Si, Cr,  Mn,   Zr,  Pb, Na, Al,  Ti,  Cu, 
Ni, V, Bi, Mo, Sn, As, Co, Sb, As,  B, Sr, Ba,  Zn,   Nb, K, W,  Li, and Cd.  None of these was 
detected. 

10 



PARTICLE FEED 

PLASMA FLAME 

WATER 

Fig. t -Plum* tore« (AS-116) 
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PARTICLE 
FEED 
TO PLASMA 
FLAME 

ARGON 
FEED 

Fig. i    Particle feed system for inductivel) coopled plasma apparatus(AS-1 >-) 
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TABLE 2 

PRECISION OF MASS SPECTROMETER DETERMINATIONS 

Experiment No. Sample No.       O28 Content, % 

I 3 97.47 
11 97.73 

m 10 97.34 
15 97.29 

rv 5 97.75 
15 97.72 

V 5 97.73 
13 97.52 
15 97.73 

VI 13 97.71 
15 97.71 

VII 13 97.76 
17 97.73 

vni E 97.73 
H 

Average 

97.75 

97.64 

] Precision ±0.13% 

Spread 97. 76 - 97.29 
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Spectrographlc analysis of the same sample after exchange with C02 at approximately 1000°C 
(experiment 27) revealed only the same Ca, Mg, and Fe contaminants at less than 100 ppm each. 

Stabilized Zirconia - A standard material with which to test and calibrate the equipment was 
desired. Based on the work of Kingery, et al. ,8 a particular formulation of stabilized zirconia 
(Zr0. 85 Ca0.15 °1. 85) appeared to be such a material. The material appears to be unexpectedly 
difficult to reproduce, however, and it was dropped from consideration as a standard. A given 
batch of stabilized zirconia would be useful for interlaboratory comparisons, but we were not 
able to accomplish such an intercomparison during the period of the contract. 

Oxygen - The oxygen as received may have contained small amounts of carbon monoxide and 
carbon dioxide, but it was deemed unnecessary to use up any oxygen-18 to determine this exactly. 
Mass spectrometric analysis of a certified pure oxygen sample showed that small amounts of 
carbon monoxide and/or carbon dioxide are formed in the mass spectrometer during oxygen analy- 
sis. No other impurities were found. The distribution of oxygen isotopes was as follows: oxygen- 
18 = 97.7 percent, oxygen-17 = 0.4 percent, and oxygen-16 = 1.9 percent. 

Carbon Dioxide - The as-received carbon dioxide may have contained small amounts of car- 
bon monoxide, but no other impurities were detected by mass spectrometric analysis.  The oxygen 
isotopic distribution was as follows: oxygen-18 = 89.4 percent, oxygen-17 plus oxygen-16 = 10.6 
percent. The exact amount of oxygen-17 is difficult to determine since C^O^O^ has the same 
mass as C^c^fi and therefore gives rise to the same peaks in the mass spectrometer. 

Carbon Monoxide - No impurities were detected by mass spectrometric analysis.  The oxygen 
isotopic distribution was as follows: oxygen-18 = 76.8 percent, oxygen-17 = 0.9 percent, and 
oxygen-16 = 22.3 percent. 

All the gases were reused, and after the initial use they contained varying amounts of CO 
and CO2 and had lower enrichments of oxygen-18 than indicated in the above listing. The start- 
ing composition of the gas for each experiment is listed in Table 3. 

2. 4 PRELIMINARY EVALUATION OF THE DIFFUSION APPARATUS 

It was deemed necessary to evaluate the design of the diffusion apparatus and to determine 
its usefulness in the determination of the diffusion coefficient of oxygen in Th02- 

Gas Transfer 

Since Toepler pumps are not normally operated at pressures envisaged for this study, the 
effectiveness of the Toepler pump in moving the gas into the storage bulb was checked. It was 
found that gas up to pressures of 1/2 atmosphere (the maximum expected to be encountered) 
could be moved conveniently. 

Temperature Control and Temperature Measurements 

The control of temperature over a long period of time was checked. It was found that the 
radio frequency generator tended to drift, but it was easily controlled manually. Temperature 
measurements at an indicated temperature of 1060°C were made for 2 hours; on one spot of the 
susceptor, the temperature remained constant at an indicated 1060°C ± 5°C during this time. 

It is essential to know the exact test temperature. To determine the exact temperature with 
an optical pyrometer, it is necessary to have an object which has black body characteristics. 
For this purpose two 1 16-inch-diameter holes were drilled into the heavy-walled susceptor 
parallel to the long axis of the cylindrical susceptor; one hole was 5 '8-inch deep and the other 
5 16-inch deep. A third hole was drilled 1 16-inch wide by 3 16-inch long by 5 8-inch deep. 
When the temperature of the susceptor was maintained at approximately 1000°C, the apparent 
temperature of the three holes was the same within experimental reading error (J3°C).  This 
agreement indicates black body conditions in all three holes. 
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KX|ll TJIIIl   III 

SUMMARY Of KXPKHIMENTAI. DIKKUSION HUNK 

TaMptntHM,       Urn», 
Solid 

~ö18 Eiirulinu-nt,4 

Ciinipoiillidj 

5.4xl(>3 
5.4 

12. 6 

'■■'"   >■ r:. .■ M 

* fit 
97.60 
41.83 
41.73 
33.85 

97.31 
73.74 
73.57 
71.68 
71.34 
70.36 

0.859 
0.858 
0.990 

0.942 
0.949 

ttaoom Btad 
1), 

0.662      24 

K. 
Cm   BIT 

8.7 x lO-'O 
9.0 

0.63 x 
0.63 
1.11 

2.22 
2.22 

97.73 
81.94 
81.86 
77.03 
77.04 
73.43 
73.49 

97.65 

66.05 

97.71 
87.74 
87.78 
83.43 
83.59 

97.75 
91.98 
91.97 
90.68 
90.34 

97.74 
75.73 
76.25 
61.35 
61.86 
60.16 
60.15 
58.50 
57.73 

71.39 
55.42 

0.338 24 
0.477 
0.480 
0.625 
0.625 
0.734 
0.732 

0.346 24 
0.837 
0.839 

0.290 
0.289 
0.415 
0.411 
0.487 
0.484 

0.211 
0.211 
0.257 
0.270 

0.566 
0.552 
0.935 
0.922 
0.966 
0.966 

1.0 

0.663 
0.830 

8.0 
8.0 

3.0 
3.0 

2.4 

Irlhl 
lost 

0»B 

49 .62 
49 .53 

71 .98 
71 .23 , 
71 .26 ' 
71 30 
71 15 
71, 21 I 
71, 16' 
71. 10 
71, 10 

72. 03 

67. 73 

6fl. 22 
66. 29 

6R.93 
63.96 
62.4» 
61.60 
61.64 
S9.51 
59.53 

0.901 
0.905 

0.033 
0.030 

0.042 
0.042 

0 .161 
0 .159 

0 .218 
0 218 

0, 149 
0. 151 
n m 
0. 295 
n. 308 
0.307 
0. 178 
n. 3 (IS 

10.8 
8.4 

9.0 
9.0 

6.4 
6.3 
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 SUMMAHY OF PCPKRIMKNTAL DIFFUSION RUNS   

 Solid  Gil P-rtlcle    Uncorrected 
Temperature, Time, U1M Enrichment,- 

°C sec m molei % Compoaltlun     in mole« % fit F u cm'/ii 

0>* 
1.8 x 10» 66.14 0.263 l.tlM*1 

1.8 66.43 0.248 1.1 
1.6 
3.6 64.11 0.366 1.4 
3.4 62.21 0.463 1.7 
1.4 62.10 0.468 1.1 
T.I 60.68 0.641 1.9 
7.2 

0 
1.8 x 103 

1.8 
3 6 
3.6 

6  4 

3.6 
1.« 
5.4 
5.4 
7.2 
7.2 

1.8 
2.7 

900 
911 

1010 
1331 
1344 

0.6 x 103 

0.6 
1.2 
1.2 
1.1 
1.1 
1.4 
1.4 

0 
0.6 x 103 

0.6 
1.2 
1.2 
1.1 
1.9 
1.4 
14 

1.1 
1.7 
2.7 
1.1 
3.6 

|H Enrlfhriiriit 

% & 
71. 32 
66.14 0.263 
66.43 0.248 
64.12 0.366 
64.11 0.386 
62.21 0.463 
62.10 0.468 
60.68 0.641 
60. 67 0.541 

64.54 
83.86 1 
63.77 > 0.034 

63.75 t 
63.81 ' 0.036 

63.72 ^ 
63.79 < 0.037 

63.77 ( 
63.64 ' 0.040 

64.53 
63.99 0.012 
64.00 0.012 
63.87 0.015 
63.87 0.015 
63.89 - - ■ 

63.78 - 
63.82 - 
64.36 
40.52 j 
40.47 f 0.572 

40. 46 t, 
40.28 ' 0.575 

40.27 0.577 

40. 10 i 
40.19 ' 0.581 

64.60 

0.360      ?4.5 

0.366      34.5 

41.9« 0.057 
40.80 1.0 

40.88 1.0 
40.4« 1.0 
40.44 1.0 

61.80 
37. 97 i 
38.41 ' 0.871 

36. 46 i 
36.77 1 0.929 

35.17 0.982 
34.69 t 
35.14 * 0.991 

52.4, 
36.67 i 
36.80 ' 0.702 

34.04, 
34.25 ' 0.819 

32.94, 
33.04' 0.871 

32.30, 
32.39' 0.900 

51.37 
39.35 0.594 

34.78! 
34.73' 0.821 

32.44! 
32.571 0.932 

31.541 
31.7«' 0.974 

51.58 
47.65 0. 214 

45.57 , 
45.27 1 0.335 

43.70. 
43  35 ' 0.438 

42.17» 

2.8 x 10-1° 

1.6 

2.9 x 10-- 

1.8 

0.438      34.5 

0.364      34.5 - 7 x 10"10 3.0-6.1xl0"s 

9.4 xlO"10 

7.6 

l.l 

6.0 

0.394      34.3 - lOxlO"10 2.9 xlO"6 

4.8 x 10-1° 

7.3 

9.7 

9.4 

0.357      34.5 - 8-10x10-11       7.0-8,7x10" 
II x 10"11 

3.7 

4.9 

5.9 
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T.'tiip.Talur.', Time, U|n Kmu hrin-iit,-» O18 Ciu'l.:hnn-ffl 

Experiment UC Ml m mult-« % Composition     m nolcf % 

TABLE 3 {CoiU.f 

SUMMARY OF EXPERIMENTAL DIFFUSION RUNS  

Partie li'     Uiiforrci-lfri 

1.5 

2.1 
2.1 

51.53 - 0.50«      34.5 - 6-BxlO-11 7.5-9.9xlO'7 

JJJ] 0.31! 4.0x10-11 

S;S)    *- 

36.97 | 
36.52 ' 

4.1 49.96 i 
4.1 49.87' 
0-5 48.96, 
6.5 49.05' 
9.0 48.19i 
9.0 48.27' 

0 479 4.1 

0.567 5.1 

0.359      24 

0.054 3.9 x 10"1 

0.094 5.1 

0.141 7.2 

0.183 8.8 

0.9 82.50 
1.8 79. IS 
1.8 78.66 
2.7 75.13 

89.41 -           0.341      34.5                        -               3.5 - 5 x 10"9       1.2 - 1.7 x 10"8 

66.85 0.736 2.5 x 10"S 

65.63 0.780 2.8 
,62.85 0.877 2.9 
60.64 0.043 3.2 
S9.61 0.975 3.6 
59.04 0.996 

89.39 -           0.389      34.5                        -               2-3.5xl0"fl       1.3-4.3xl0*6 

85.37 0.892 1.0 x 10"e 

64.97 0.703 1.0 
62.49 0.774 1.1 
62.18 0.780 1.1 
60.29 0.834 1.2 
60.24 0.83S 1.2 
58.53 0.888 1.3 

89.49 -           0.394      34.5                        -               5x10""                4.3-5.4xlO"7 

an   an 
} 0.196 1.9 X 10"" 

} 0.300 2.6 

\ 0.406 3.6 

1 0.492 4.5 

75.21 
72.13, 
72.17 1 

89.27 - 0.368      24 - 1.5 x 10"12 2.7 - 3.8 x 10'' 

"•»} 0.1« 1.1 6.4 84.38 
13.2 82.68 0.201 7.S 
13.2 

CO19 1.601 76.72 - 0.402      34.5 - 8-10x10-1»       1. 7 - 2. 9 x lO'1 76.72 - 0.402 34.5 - 
72.05, 
72. 08 1 

0.151 1.3x10-11 

69. 20 . 
69.13 ' 

0.245 1.9 

67.18 1 
67.13' 

0.311 2.4 

64. 26 , 
64.32 ' 

0.403 3.2 

76.88 0.388 34.5 
60.28 0.557 3.0 * 10"9 

57.83 0.639 2.7 

55.1» 0.724 2.7 
53.47 0.785 2.« 
53.01 0.800 2.« 
51.90 0.838 2.7 
51.52 0.851 2.6 
51.42 0.854 2.7 

78.91 0.430 34.5 
63.91 0.393 4.3 x 10-1° 
62.36 0.441 4.7 
59.28 0.503 4.6 
56.39 0.621 1.3 
55.18 0.658 6.6 
52.86 0.728 7.3 
50.09 0.812 1.4 

50.02 0.814 8.4 

2.6 - 7.5 x 10-: 

4.3 - 5.8 x 10 6 
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TABLE 3 (CUM.I 

 SUMMARY OF EXPERIMENTAL DUTUMON RUNS  

    Solid     Ga» Particle    Uncorrected 
Temperature, Tim«, 0ie Enrichment,* 018 Enrichment M, Slse, D, 

Experiment °C MC m molei % Composition     m mole« % M* i u cm'/tec 

4 - 5 x 10'1* 4.2 ■ 5.2 x 10"9 

x 103 60.14 0.045 9.« x 1Q"14 

7.2 
10.S 59.42 0.013 9.6 
14.4 58.92 0.093 11.6 
16.0 57.96 0.131 19.2 
22.3 57.08 0.166 25.3 
26.8 
26.8 

1535 0 1.017 N CO18 1.695 61.22 - 0.374      50 8 - 9 x 10"9 7.5 - 13.5xl0": 

7.1 x 
8.6 
7.0 
7.4 
7.3 
7.5 
7.7 
7.8 

0.493      34.5 

1165 
14110 82.53 0.279 2.0 
1820 72.99 0.481 6.4 

4.9 
1.13 92.07° 0.348 5.6 
1.5 91.09° 0.394 5.8 
2.0 89.59° 0.468 6.9 

8.6 
9.6 

10.9 

1120 0 1.530 N O18 2.654 75.79 - 0.367      34.5 10 x10"10 

x 103 

7.9 
9.9 

1.8 61.12 0.528 12 
2.55 57.92 0.643 15 
3.5 55.38 0.734 17 
4.7 
6.2 

0 1.530 51.41 • 0.703      34.5 
0.47 x 
0.95 
1.46 
2.11 96.36° 0.053 1.4 
2.85 95.93b 0.066 1.7 
3.6 95.39b 0.083 2.0 
5.1 94.87° 0.0W 1.7 
«.9 94.47° 0.112 2.0 
9.3 93.50°               0.142 2.2 

12.7 92.46b 0.175 2.5 

0.63B      34.5 3 x 10"10 

1.8 x 10"n 

1.8 
«.9 
1.7 

1.7» 85.12° 0.665 10.7 
2.55 83.06° 0.767 13.ff 
3.3 81.75b 0.833 15.» 

18.1 
19.7 
23.2 

4.6 
6.3 

710 91.17° 0.757 7.2 
900 90.65h 0.808 7.5 

1.2 x 103 89.85° 0.887 t.O 
9.9 

10.3 

1.2 x 103 

5.0 

61.28 - 
60.14 0.045 
59.81 0.0G8 
59.42 0.013 
58.92 0.093 
57.96 0.131 
57.08 0.166 
56.38 1 
..  -   1 0.195 
56.34* 

61.22 
50.54 0.467 
46.72 0.546 
46.65 0.637 
44.21 0.743 
43.28 0.784 
42.58 0.815 
42.08 0.837 
41.83 0.847 

95.72 

93.07 0.056 
90.17 0.118 

85.72 0.212 
82.53 0.279 
72.99 0.481 

99. 05° 
96.32" 0.135 
93.87° 0.256 
92.07° 0.346 
91.09° 0.394 
89. 59° 0.468 
87.84° 0.555 
86. 45° 0.624 
85.01° 0.695 

75.79 
71.07 0.172 

67.26 0.307 
64.06 0.422 
61.12 0.528 
57.92 0.643 
55.38 0.734 
52.17 0.850 

49.94 0.930 

98.06° 
97.14° 0.029 
98.78° 0.040 
96.54° 0.048 
96.36° 0.053 
95.93b 0.066 
95.39b 0.083 
94.87° 0.099 
94.47° 0.112 
93.50° 0.142 
92.46° 0.175 

98.45° 
96.04° 0.120 
93. 30° 0.257 
90.16b n. 413 
87.35° 0.553 
B5.12° 0.665 
B3.06b 0.767 
81.75b 0.833 
80.45b 0.898 
79.77b 0.931 
78. 01° 0.970 

98.80° 
96.16° O.202 
95.54b 0.323 
93.6Bb 0.507 
92.00° 0.674 
91.1Tb 0.757 
90.65b 0.808 
89.85b 0.887 
89.35° 0.937 
88. 99b 0.972 
88.72b 0.999 

47  48 
33   4M 0.666 
26.64i 

0.989 
26.70' 

- 4 x 10-1° 7.5 - 12x10-'' 

O16 1.736 98.80° - 0.490      34.5 - 1  - 2 x 10"9 1.7-5-0x10-* 

0.443      34.5 - 5-8xl0"10 4.3-20xlO-7 
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TABLE 3 (Coin.) 

SUMMARY OF EXPERIMENTAL DIFFUSION RUNS 

O18 Enrichment,» 
i mules % Composition 

1 Enrichment 
% £ 

99.80" 
94.52b 0.570 
91.51b 0.894 
91.53b 0.692 
91. 70* 0.874 

47.83 
44.30 0.255 
42.16 0.410 

38.98 0.641 
37.48 0.74Ü 
36.31 0.834 

Par tu-It 
Size, 

0.354      34.5 

0.233      34.5 

L'II. UM i'iti'd Corrected 
K, 

m/«ec 

0.3 x 103 
0.7 

1.2 
1.99 

aN     'latural abundance     0.20%. 
°In these cases the percentages refer to the diffusing species, O 

0.339      34.5 
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Another black body was made by drilling a 1/ 16-inch-diameter hole 1-inch deep into the end 
of a 1/8-inch-diameter platinum rod. This rod was moved longitudinally through the susceptor 
and its temperature compared with that indicated by the holes in the end of the susceptor. At 
1000°C, the maximum difference was 4°C lower on the inside than on the outside. This indicates 
that uniform temperature throughout the length of the susceptor has been attained. 

Gas Mixing Tests 

If gas mixing were slow, an important error could occur because the change in concentra- 
tion of the O218 occurs at the Th02 in the reaction chamber and the samples for analysis are re- 
moved at the manifold. 

The following experiment was performed to establish the speed of mixing. At room tempera- 
ture, the apparatus was evacuated and then repressured to approximately 120 mm with pure N2. 
The electromagnetically operated double-check-valve pump in one leg of the manifold was started; 
at a chosen time zero, an amount of O2 sufficient to raise the pressure by about 12 mm was 
quickly added. Gas samples were taken from the manifold after elapsed times of 0 second, 10 
seconds, 30 seconds,  1 minute, 2 minutes, 3 minutes, 5 minutes, 10 minutes, and 30 minutes. 
The N2:C>2 ratio of the gas samples was determined with a mass spectrometer. The composition 
of the gas throughout the reaction system became homogeneous in less than 3 minutes.  In a 
heated system thermal convection will improve £jas mixing. 

Error Analysis 

The calculated diffusion coefficients could be affected by errors in determining the following 
quantities: 

1. Initial pressure of the gas 
2. Volume of the system 
3. Weight of the solid material 
4. Composition of the gas samples 
5. Length of time the diffusion reaction has proceeded 
6. Particle size of the solid material 
7. Temperature measurement 
8. Graphical conversion from Mj/Moo and F to values of (Dt/a*). '* 
9. Withdrawal of gas samples. 

The first four sources of errors listed affect the calculated values of F and Mt/M,».  There- 
fore, a given error will influence the calculated value of D depending on the magnitude of Mj/Moo. 

Initial Gas Pressure and System Volume - The measurements of the gas pressure are 
accurate to within ±2 mm of Hg. The volume of the system is known to within ±5 milliliters. 
Both measurement errors have the same effect and are of comparable magnitude. The error is 
largest for the largest values of M^, M«, but at reasonable values for the fractional uptake,  F, 
the relative error in Dt/a   is still less than 1 percent when M^, M» = 0. 900. Therefore, these 
errors can be neglected. 

Weight of the Solid Material - The thoria spheres were weighed to the nearest one-tenth milli- 
gram. An error in the weight of thoria will have the same effect on the calculated diffusion coeffi- 
cient as an error in the determination of the available gas. Since the weighing error is smaller 
than the error in the pressure measurement,  it can be neglected. 

Composition of the Gas Samples - Errors in the gas analysis can be caused by either leakage 
of air into the gas sample or by errors made during the mass spectrometric analysis of the sam- 
ples. Gross air leakage into the sample is readily detected and the analysis of that sample can 
then be ignored.  Undetected amounts of air could produce only inconsequential errors. 

The precision of the mass spectrometric gas analysis is discussed In section 2.3.  An error 
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of ±0.2 percent in determining the initial oxygen-18 concentration could result in a sizable error 
in the calculated value for the diffusion coefficient when the change in the oxygen-18 concentration 
is small. The actual magnitude of the error produced in the diffusion coefficient by an error of 
0. 2 percent in the oxygen-18 concentration depends on the values of other parameters, such as 
Mt/Moo, amount of gas present, F, etc. However, for most values of the variables used in these 
experiments the error in the diffusion coefficient that could be caused by an error of 0. 2 percent 
absolute in the oxygen-18 concentration does not exceed ±5 percent relative. 

Time of Diffusion Reaction - An error in specifying the elapsed time attributed to a specific 
gas composition can arise because of (1) the undefined time required for the gas to move from 
the reaction site to the sampling point, (2) the selection of the time at which the desired tempera- 
ture *as reached, and (3) the diffusion and exchange which occurred prior to reaching this de- 
sired temperature. 

The error caused by a lag in the gas mixing is largest at the lowest temperature, and de- 
creases with increasing temperature. When the error in fixing the starting time is largest, the 
elapsed time also is large and the net effect on the calculated diffusion coefficient is negligible. 

The second possible source of error can be neglected since the time at which the desired 
temperature was reached can be determined to ±3 seconds. The last possible source of error 
can also be ignored since the rate of the diffusion reaction decreases rapidly with decreasing 
temperature and the rate of heating was high. 

At higher temperatures where short reaction times were employed, it was necessary to know 
the elapsed time accurately since any given error in it produces a proportional error in the dif- 
fusion coefficient. A plot of Dt/a2 versus t for the data obtained from experiment 33 missed the 
origin by 3 seconds, indicating that elapsed times could be determined accurately, even when the 
total time was short. 

The diffusion coefficient D is inversely proportional to t, the time the reaction has proceeded; 
therefore, the percentage error in the calculated diffusion coefficient is of the same magnitude 
as the percentage error in the measured time. At the lower temperature where the error is the 
largest, the reaction was observed for several thousand seconds; the error was less than 3 per- 
cent. At the higher temperature where the diffusion reaction was observed for only several hun- 
dred seconds, the error could be as large as 100 percent, but as mentioned above the actual error 
is much smaller. 

Particle Size of the Solid Material - The diffusion coefficient, D, is directly proportional to 
the square of the radius, a, of the spheres employed; therefore, any relative error in the radius 
will give rise to approximately twice that error in the diffusion coefficient. 

The thoria spheres were sieved into as small a range as commercially available sieves al- 
lowed. Microscopic examination of the spheres showed that almost all of the particles fell within 
the indicated range, and chat within that range the distribution appeared to be nearly uniform. It 
was assumed that the root-mean-square average diameter was equal to the average of the hole 
sizes of the sieves used in making the sphere separation. Permissible screen tolerances could 
lead to errors of about ±15 percent in the square of the diameter. 

Temperature Measurement - An error in the temperature measurement will not affect the 
calculated value of the diffusion coefficient. It will, however, affect the calculation of the activa- 
tion energy from the diffusion coefficients. During a diffusion experiment the temperature varies 
by as much as tl0°C. Calibration errors of the optical pyrometer and varying deposits on the 
viewing window also could give rise to a ± 10°C error. 

Graphical Conversion - The errors caused by converting values of Mt M«, and F to values for 
(Dt a r * are probably very small. They are caused by interpolating between the available curves 
for F values and by possible errors in the curves themselves.  The errors in D from this source 
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should not exceed ±5 percent. The form of the solution of the diffusion equation made it necessary 
to program the computer to calculate values of M^/M«, from assumed sets of values of (Dt/a2)l/2 
and F. It was not possible to eliminate the graphical interpolation errors by direct computation of 
(Dt/a2)l/2 from experimentally obtained values of F and Mt/Moo- 

Withdrawal of Gas Samples - The removal of gas samples for analysis could cause an error in 
Mj./Mw by changing the amount of gas available for exchange. A total of 10 samples of approxi- 
mately 3 milliliters each is withdrawn during an experiment. Two samples are taken before the 
pressure measurement at the beginning of the experiment and two are taken at the end; therefore, 
these four do not contribute to any possible error. The other six samples have a combined volume 
of 18 ml. The system volume is approximately 400 ml; therefore, the maximum possible error 
from this source would be a change of up to 4. 5 percent in the calculated M«,. 

The effect of sample withdrawals was checked in experiments 38 and 39. The diffusion coef- 
ficient, D, was determined at approximately 1125°C. Six samples were withdrawn during the 
course of one 4500-second run. In the other run of the same duration, samples were taken at 
1200 and 4500 seconds. No difference was detected in the diffusion coefficients calculated from 
the two runs. 

2. 5 TREATMENT OF EXPERIMENTAL DATA AND CALCULATION OF DIFFUSION 
COEFFICIENTS 

Calculation of M* M. 

Gas samples withdrawn from the apparatus during a diffusion run were analyzed by the mass 
spectrometer and the mole percent of the desired isotope   (usually 0*°) in each sample was de- 
termined as discussed in Appendix V. The results for experiment 38 determined in this manner 
are given below.  Following that is a summary of the other parameters measured during the ex- 
periment and a sample calculation of Mt Moo. 

Sample Elapsed Time, Percent Of 
Number seconds 0218 

A 0 
47.48 av. 

C 0 

D 1200 33.48 

B 5000 26.64 

14 5000 

Sample Calculation 

26.70 

Data from experiment 38: 

Volume of system = 382 ml. 

Pressure of 02 gas - 80. 5 mm Hg 

Temperature = 27. 8°C 

,    *~ 382 ml 273°K       80.5 mm Hg     ,   .„ 
m moles   02 gas ■ ^— —,  x „_„ o0v, x ——    „     - 1.639 m moles O 

*• 22.4 ml m mole     300.8°K     760 mm Hg 2(g) 

m moles E millimoles 
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moles O18 = (o.4748 O18, ») (l.639 m moles gas) + (0.0020* 018(s)) (1.313 m moles solid) 

0.7810 

m moles O16 = (o. 5252 O16/-\\ (l.639 m moles gas) + (0.9980 O16,  .\ (1.313 m moles solid) 

= 2.1717 

Total m moles O2 <* 2.9527 

mole fraction O18 = °^ = ^j^jy = 0. 2645 

M«, =(mole fraction 018)(m moles 0(s)) - initial m moles 01Ö(S) = 0.2645(1.313) -0.0026 

= 0.3448 

MU 0.3448 
m moles 018

(g)     0. 7784 " 

Weight of Th02 = 346. 7 mg 

m moles Oo solid = -rr-. '—, ■—— = 1. 313 m moles Oof <*) z 264 mg/m mole "va; 

Average radius of thoria spheres = 34, 5 \i =3. 45 x 10"3 cm 

For sample D: 

°218(s) = (conc- °218(g)t=0 " conc- °218(g) _ ) x m moles °2(g) " [(°- 4748> " (0-3348)] x 

1.639 = 0.2295 = Mt 

M.      0.229° 
M^-"ÖT34l8-=0-666 

Calculation of Diffusion Coefficients 

For a first trial calculation, it is convenient to assume that the rate of exchange at the surface 
of the spheres has no effect on the measurement of D. If the values of D found in this way are not 
constant,  then one tries to find both a D and a K which together give agreement between theory 
and experiment. 

When the surface reaction is assumed to have no effect on the measurements, the known 
values of F and Mt/M,,, are used to find (Dt/a2)1'2 from the graph shown in Figure 24 of Appendix 
II. As an example, for experiment 35 (Sample D)   Mf/li« = 0.666 and F = C.443. This leads to 
(Dt/a2)1/2= 0.175, then 

D 
1/2 2^L 

t 

_ (0.175)2(3.45 x IP'3)2 

1.2 x 103_ 

D= 3.Ox 10"10 

Natural abundance 
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If a plot of (Dt) versus t or (Dt/a2) versus t is a straight line passing through the origin, as 
shown in Figure 7a, then the value of K is assumed to be so large that the measurements are not 
influenced by any finite rate of exchange at the surface. In VOMCS of the experiments conducted, 
particularly those at the lower temperatures, the plots of Dt/a   versus t showed positive curva- 
ture as shown in Figure 7b. These experiments; required further treatment of the data. 

When it apppars thot the surface reaction is important, the experimental variation of Mt/M«, 
with time must be compared with the computed behavior of M^/M« when various pairs of values 
of D and K or D and Q are chosen. The best fit of chosen values with the experiment is achieved by 
successive trials. The problem is to choose the trial pairs of D and K as efficiently as possible. 

An attractive way to choose the trial pairs of D and K would be to apply the approximate 
equation discussed in section 1.6 of Appendix I and in Appendices III and VI. In this case, an at- 
tempt is made to match the experimentally determined variation of enrichment of the gas with 
time against one of the tabulated columns of values. If a match is found, the values of a and ß for 
the tabular column lead to values of D and K. Before such an attempt is made, one must determine 
that the exact and approximate equations match satisfactorily over the desired range of times. 
Since the value of F (or A) is known from the experimental conditions, such information can be 
obtained roughly from the graphs in Appendix IV. As F increases, the exact and the approximate 
equations are in disagreement down to smaller values of time. 

Both the experimental and the calculated behaviors may show a point of inflection. Such points 
of inflection were marked in the tables to aid in selecting columns for more detailed comparison 
with the experimental values. Even with this added criterion, it frequently was not possible to 
choose a and ß with the desired accuracy. Overall, the approximate equation was not found to be 
as useful as it originally was thought to be. 

A second method for approximating the value of D is to calculate it from the limiting slope of 
a plot such as shown in Figure 7b. This is possible because the surface reaction will have pro- 
gressively less influence on diffusion in the solid as M^/M«,—"1. 

Once a trial value of D has been obtained, it is used in conjunction with various assumed 
values of Q to produce sets of M^/Moo as a function of t. The same procedure is used with at least 
one value of D greater than the best trial value and one value of D which is smaller. Comparison 
of this group of calculations with the experimental set of calculations either permits the decision 
that D and K have been determined within achievable accuracy or it permits the choice of new 
trial values of D. 

When a set of values of D and K has been obtained for a group of measurements ever a range 
of temperatures, linear plots should be obtained for log D versus l/T and for log K versus l/T; 
unless there is reason to think, for example, that both intrinsic and extrinsic behavior are being 
observed. 

2.6 DISCUSSION OF EXPERIMENTAL RESULTS 

A total of 42 diffusion experiments were attempted using O2,  CO, or CO2 as the source of 
oxygen-18. Omitting four experiments that were failures, there were 29 with O2 as the source of 
oxygen-18, 5 with CO, and 4 with C02- In experiment 16 the apparatus failed before any samples 
were taken. In experiments 8 and 34 known malfunctions occurred during the runs.  Experiment 
17 stopped at 50 percent completion. Subsequent experiments indicated that this unique behavior 
was caused by a weighing error or that a substantial part of the sample was lost. The remaining 
38 experiments can not be evaluated equally because various samples taken during a run were lost 
or were removed after diffusion had proceeded too far to yield usable data. Experiments 11 and 12 
were performed with thoria which was spherodized in a hydrogen - argon atmosphere. This par- 
ticular batch was black after passage through the plasma flame, indicating that the thoria had been 
made substoichiometric. Therefore, the spheres were oxidized overnight in oxygen at 800°C and 
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were equilibrated with air at approximately 1500°C before use. The air equilibration was followed 
with all subsequent experiments. 

The first ten experiments were performed with TI1O2 which was spherodized in small experi- 
mental batches during attempts to determine the best way to make spheres with the inductively 
coupled plasma torch. Some of these preparations were made in hydrogen - argon atmosphere 
and others were made in oxygen - argon atmosphere. In all of the first ten experiments, the 
spheres were used without further treatment, since it had not yet been realized that nonstoichi- 
ometry might be a problem. The first batches were not markedly discolored; therefore, the 
errors in the first ten runs due to nonstoichiometry probably were minor.  Experiments 13 through 
39 were performed with samples from a single batch of thoria which was spherodized in an oxygen - 
argon atmosphere. Microscopic examination of this batch of spheres (Figure 8) showed that ap- 
proximately one-half of the spheres were transparent and the other naif were cloudy. The sample 
also contained some large irregular unfused particles. By examination of etched sections, the 
transparent spheres were seen to be single crystals, while the cloudy spheres were polycrystalline. 
Not all of the spheres were solid. Some showed small central voids that were thought to be due to 
the unavoidable shrinkage caused by the rapid quenching during the spherodizing process. 

Measured Diffusion Coefficients 

It is necessary to show that the measured diffusion coefficients are independent of certain ex- 
perimental parameters. Such checks do not prove conclusively that the measurements are free of 
systematic error, but the variety of tests discussed below rule out a very wide range of such 
errors. The diffusion coefficient, D, should be independent of: 

1. The radius of the spheres 
2. The pressure of the gas used 
3. The composition of the gas used 
4. The initial concentration of the diffusing isotope 
5. The particular isotope used 
6. The fractional uptake,  F 
7. The elapsed time. 

For obvious experimental reasons it was not possible to vary some of these parameters as 
widely as would be desirable. Unless it is otherwise noted, "uncorrected diffusion coefficients" 
(defined on page 30) are used in the following discussions. 

Radius of the Spheres - The diffusion coefficient can be shown to be independent of the thoria 
sphere diameter by utilizing spheres of different sizes. At approximately   1000°C (experiments 
1, 4, 6, 7, and 13) using 48-micron-diameter spheres, D varied from 1.0 to 5.7 x 10"H; using 
79-micron-diameter spheres (experiments 22 and 23), D varied from 2.1 to 5.9 x 10~H. At 
12G0°C two experiments (3 and 5) were performed using 48-micron-diameter spheres; D varied 
from 8.0 to 9.0 x 10"10. Using 79-micron-diameter spheres, at the same temperature, three 
experiments (9, 20, and 21) were performed; D varied from 6. 0 to 9. 7 x 10-10. These data in- 
dicate that the diffusion coefficient is independent of the diameter of the spheres used. 

Pressure of the Gas Used - To test the independence of the diffusion coefficient from the gas 
pressure, the pressure of the gas was varied by a factor of two. At approximately 1000°C and 
in oxygen pressure of 158 mm (experiment 13), D varied from 1.1 to 1.9 x 10"1*; at an oxygen 
pressure of 59 mm (experiment 23), D varied from 4. 0 to 5.1 x 10~H. At approximately 1200°C 
and an oxygen pressure of 157 mm (experiment 5), D was 8.0 x 10~10; at an oxygen pressure of 
75 mm (experiment 20), D varied from 6. 0 to 9. 4 x 10"10. These data indicate that the calculated 
diffusion coefficient is independent of the gas pressure. 
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Composition of the Gas Used - To examine the independence of the diffusion coefficient of 
oxygen in tnoria from the composition of the gas used, experiments (25-33) were performed with 
CO and C02- The calculated diffusion coefficients in the temperature range of 900° to 1300°C 
using CO, CO2, or O9 as the source of oxygen-18 yielded comparable diffusion coefficients. This 
indicated that the diffusion coefficient is independent of the gas used. 

Initial Concentration of the Diffusing Isotope - To examine the independence of the diffusion 
coefficient from the initial oxygen-18 enrichment of the gas, similar experiments were performed 
using different oxygen-18 concentrations. At approximately 1000°C and 98 percent OJ8 (experiment 
6) the calculated diffusion coefficient varied from 1.4 to 1.8 x 10-H; with 71 percent oi    (experi- 
ment 13), D varied from 1.1 to 1.9 x 10_H; and with 52 percent O2   (experiment 22), D varied 
from 2.1 to 5.9 x 10"11. At approximately 1200°C and 98 percent 0J8 (experiment 5), D was 8.0 
x 10-10; with 72 percent 0J8 (experiment 9), D varied from 7.3 to 8.7 x 10"10; and with 52 per- 
cent 0J8 (experiment 20), D varied from 6.0 to 9. 4 x 10"1°. These data show that the diffusion 
coefficient is satisfactorily independent of the initial oxygen-18 concentration in the gas. 

Particular Isotope Used - To show nondependence of the measurements on the particular iso- 
tope used, experiments 34 through 37 were performed as follows: O^8 was diffused into TI1O2   and 
the sample was allowed to come to equilibrium with the gas. The sample was then immersed in 
O56 and the diffusion coefficient for the diffusion of O*" into ThoJ   was measured. Since only 
part of the O*8 diffuses out of the Th02, the sample was allowed to equilibrate with the surround- 
ing gas and another measurement of the diffusion coefficient was made. As can be seen from the 
data in Table 4, the diffusion of oxygen into thoria is reversible and, therefore, independent of 
the oxygen isotope used. 

TABLE 4 

DIFFUSION OF O16 INTO ThOj8 AND O18 INTO ThOg6 

Experiment 
No. 

Temperature, 
°C D, cm2/-' sec 

35 1120 2.8 - 10.9 x10-11 
016 _ ThO^8 

36 1120 4.8 - 29 x 10"11 
018 _ xhOg6 

37A 917 1.4 - 2.5 x10-13 016 _ Thol8 

37B 1125 1.8 - 23 x 10-11 Olß — ThoJ8 

37C 1256 6.3 - 10.3 x10-1° Ol6 - ThO^8 

Fractional Uptake - To test the independence of the diffusion coefficient from the fractional 
uptake, F, one can vary F by changing the relative amounts of thoria and 02   gas present in the 
system. However, to maintain reasonable enrichments, gas pressures, and accurately weighable 
amounts of thoria, F can be varied over only a fairly narrow range. At approximately 1000°C 
(experiment 1) and F = 0. 663, the calculated diffusion coefficient was 5.1 x 10"11; for F = 0.337 
(experiment 4), D = 4.9 to 5.7 x 10"11. This shows that the diffusion coefficient is independent 
of F. 

Elapsed Time - To show that the diffusion coefficient is independent of the elapsed time, t, 
Dt/a2 versus t can be plotted. This plot should be linear and should go through the origin. This 
appeared to be the case for some of the experiments which were performed at the higher tem- 
peratures; but from measurements at low temperatures, the plots showed positive curvature. 
This observation led to the choice of a mathematical model which assumed a finite rate of ex- 
change at the gas-solid interface. Diffusion coefficients calculated on this latter basis showed 
satisfactory independence of elapsed time. 
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The experimental results are summarized as Arrhenius plots in Figures 9, 10, and 11.  Figure 
9 is a plot of the values of D obtained from all 38 experiments under the assumption that instan- 
taneous equilibration at the surface occurred. In general, this assumption was not valid. Figures 
10 and 11 show the values of D and K obtained when a finite rate of exchange at the surface was 
assumed, and Equation 2-3 was used to analyze experiment 20 and the ones following it. The data 
from earlier runs did not appear to be complete enough to warrant this treatment. 

For convenience, the D' s calculated under the assumption of instantaneous surface equilibrium 
are called "uncorrected diffusion coefficients," and those obtained from the more elaborate treat- 
ment are called "corrected diffusion coefficients." 

The corrected D' s were divided into a high-temperature group and a low-temperature group 
of eleven each. Average values of log D and 1/T for the two groups were: log D = -10. 532, and 
1/T = 7. 78 x 10-4; and log D = -8. 832,  1/T = 6. 59 x 10-4. The straight line in Figure 10 is 
drawn through these two average points.   The same line is shown on Figure 9 to illustrate the 
effects of the alternative method of interpreting the data. 

When the two average points were used to fit the data to an equation of the form, 

D = DQ exp (- 
AHn 

RT 

the values obtained were 

D0 
A     A   Cm2 

= 4.4  

and 
calories 

AHD- 65,800 
mole 

A DQ of this magnitude is indicative of intrinsic diffusion as opposed to an impurity-controlled 
process. 

The activation energy is of the same order of magnitude as the 63. 5 kcal heat of activation 
measured by Auskern and Belle^ for the diffusion of oxygen through stoichiometric UO2. Inde- 
pendent measurements of the diffusion coefficient of oxygen in thoria by C. S. Morgan and C. S. 
Yust led to an activation energy for diffusion of 14. 7 kcal/mole. Private communication with one 
of the authors (C. S. Morgan) revealed that they used polycrystalline particles of 10- to 60- 
micron diameter and with total impurities less than 500 ppm. The crystallite size in their parti- 
cles was of the order of 500 Angstrom units.   This suggests that their measurements were in- 
fluenced by grain boundary diffusion more than would be the case in the measurements reported 
here. 

When the values of K shown in Figure 11 were similarly treated, the average points obtained 
were: log K = -6. 945, 1/T = 7. 78 x 10~4; and log K = -5. 292,  1/T = 6. 59 x 10"4. The line passing 
through these points is shown on the figure, 

When the values of K were fitted to an equation of the form: 

use of the average points led to KQ = 7. 6 x 10^ cm/sec and AHK = 63, 800 calories /mole. 

30 



TEMPERATURE, °C 

1700 1600 1500 1400     1300       1200        1100 1000 900 800 

- 

1   1   1   1 

\ 

i    i 1              1 i i      = 

- 

I 

r 
\ 

- 

- ST 

: 

- 

- l 
r 

; 

- 

I 
, 

- 

» ?   \   = 

l    : 

RECIPROCAL TEMPERATURE, 

M 

1000 

Kifj. 9—Arrlicnius ploi of unr orrer led diffusion coefficient! 

31 



TEMPERATURE,    C 
1700 1600 1500 1400     1300       1200        1100 1000 900 800 

RECIPROCAL TEMPERATURE, 

IV'. I" - Arrhenius plol of corrected diffusion coefficient - 

32 



TEMPERATURE, °C 

1700 1600 1500 1400     1300       1200        1100 1000 900 

RECIPROCAL TEMPERATURE, 

I'ig. I ] — Arrhenioa plot of the rate conataM "f the surface exchange reaction 

33 



Conclusions 

Measurements of the self-diffusion coefficient of oxygen in thoria had to take into account a 
finite rate of exchange at the gas-solid interface. For the temperature range 800° to 1500°C, the 
data are described by the equations: 

65, 800 \ 
cm"/Bee D - 4. 4 exp ( im—) Clr' / RT 

and 

K=7.6xl03expC6yT
00) cm/sec 

where D is the self-diffusion coefficient of oxygen in thoria and K is the rate constant of the ex- 
change reaction at the gas-solid interface. The diffusion process appears to be intrinsic rather 
than impurity-controlled in this temperature range. 

Since no standard samples exist with which to calibrate the apparatus used in these measure- 
ments, it is impossible to specify the accuracy of the results. It is expected, however, that 
values of the diffusion coefficient calculated from the equation: 

_     .   . /-65,800 \ D = 4. 4 exp [ —k__j 

or as read from the straight line of Figure 10 will be accurate within a factor of two for the tempera- 
ture range 800° to 1500°C.  Values of K probably depend on the past history of the sample tested. 

The high self-diffusion coefficient (10"" cm2/sec at approximately 1400°C) indicates that 
thoria is relatively permeable to oxygen, and as a coating would provide only very limited oxi- 
dation protection. 
Recommendations 

Properly doped thoria might show a much lower diffusion coefficient of oxygen than pure 
thoria. Additions of oxides of elements of Group V and Group VI of the Periodic Table should be 
studied to see if they have the desired effect. 

Additional effort should be made to develop standard calibration samples for diffusion measure- 
ments. 
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3. DEPOSITION OF COATINGS 

The operation of components in high-temperature applications often requires a protective 
coating for the matrix material. A vapor-deposition or vapor-plating technique can be utilized to 
apply this protective coating. This technique consists of reacting or decomposing the vapors of a 
volatile compound upon the heated surface of the material to be coated. Dense oxide coatings can 
be vapcr -deposited by the pyrohydrolysis of volatile metal halides. At GE-ANPD, tubular BeO 
pieces were successfully coated, both internally and externally, with AI2O3 by the reaction: 

2AICI3 +  3H20   -^- A1203 +  6HC1 
(vapor)    (vapor) (solid)     (vapor) 

The water was supplied by the reaction: 

heat 
C02 + H2  ► CO +    H20 

(vapor) 

Process conditions were achieved which produced an Al2Oß coating approximately 0. 001 inch 
thick in one hour.  Figure 12 is a photomicrograph of a polished cross section of this coating. 

It appeared reasonable to believe that Th02 coatings could be applied in a similar manner; 
i. e., according to the reaction: 

ThCl4   +    2H20   -^1  Th02   +   4HC1 
(vapor)     (vapor) (solid)     (vapor) 

In vapor-deposition utilizing volatile metal halides, the metal halide vapor can be supplied by 
heating the anhydrous salt (in this case, ThCl,}).  Another convenient method is the direct chlori- 
nation of the metal: 

heat 
Th      + 4HC1  ~ThCl4       +      2H2 

(metal)     (anhydrous gas) (vapor) 

This latter technique sometimes provides a more readily controlled halide vapor flow than that 
obtained from the direct use of the anhydrous salt. 

3.1 MATERIALS AND APPARATUS 

Materials 

BeO Tubes - In the initial effort, BeO tubes approximately 4 inches long with an outside 
diameter of one-third inch were used. The tubes were fabricated from UOX grade* BeO by ex- 
trusion; they were sintered to near theoretical density in hydrogen at 1550°C for 2 hours. These 
specimens were chosen to demonstrate Th02 coating feasibility for the following reasons: 

1. The thermal coefficients of expansion of BeO and Th02 are nearly equal. 
2. A supply of BeO tubes was available. 
3. Considerable experience had been accumulated in coating BeO tubes and, therefore, 

apparatus design and technique could readily be applied to the Th02 effort. 

*Brush Beryllium Corp., Cleveland, Ohio 
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Boride Rods - In the second phase of the effort, boride rods of various compositions and 
sizes were used as specimens for the coating experiments. A description of these rods is pre- 
sented in Table 5. 

Thorium - Thorium metal turnings were used as the source of TI1CI4 vapor by the HC1 reac- 
tion described above. Analysis of these turnings revealed no metallic impurities in quantities 
greater than 0.01 percent. 

Gases - The gases used were of the usual commercial grades. 

Apparatus 

As shown in Figure 13, the BeO tubular specimen was held on a graphite resistance heater 
along the axis of the reactor tube. 

Although either resistance or induction heating could be used for specimen heating, it was 
found in previous efforts that resistance heating provided the best method for coating the external 
surface of small BeO tubes. The resistance heater consists of a 3/16-inch rod of spectrographic 
grade graphite which fits into the bore of these BeO tubes. 

Vycor tubes were used as a reaction chamber in the BeO-tube coating effort; a quartz tube 
was used in the boride-rod coating program. 

Since calculations showed that extremely high amperage would be needed for resistance heat- 
ing of boride rods, because of their high conductivities, induction heating was used. A 7. 5-kva, 
450-kilocycle Lepel generator was used for this purpose. A coating apparatus was designed and 
assembled according to Figure 14. 

All of the gases used were meter ed into the system through Fischer-Porter flowmeters. 
Argon and HC1 were passed into the hot bed of thorium chips while H2 and CO2 went directly into 
the coating chamber. 

3.2 EXPERIMENTAL PROCEDURE AND PROGRAM 

Coating Procedure 

The procedure for coating a BeO specimen consisted of cleaning, weighing, and then mounting 
the specimen on the graphite heater rod. The thorium holder was charged with clean, fresh 
thorium chips and the rest of the apparatus assembled. After the specimen had been brought to 
temperature in flowing argon, the coating gases were introduced into the reaction chamber. The 
specimen temperature and gas flow rates were monitored during the run to maintain them at the 
desired levels. At the end of a run, the specimen was allowed to cool and then was removed for 
examination. 

The boride rods were given an overnight pretreatment in a vacuum oven at 120°C to remove 
absorbed moisture. The coating procedure consisted of mounting a rod in the quartz stand of the 
coating apparatus shown in Figure 14, and the rest of a run proceeded as described above. 

Program 

Twenty-one experimental coating runs were made with BeO tubes. The coating process con- 
ditions were varied within the limits listed in Table 6. The first eight runs were preliminary ex- 
periments to test the general operation of the equipment. In the following 13 runs, various com- 
binations of the operating parameters were tried. All runs of the latter group were reasonably 
successful in producing coatings. 
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TABLE 5 

DESCRIPTION OF BORIDE RODS 

Material TiB2 95TiB2
a 

+5CrB2 
ZrB2 HfB2 

Length, in. 4 4 4 4 
Diameter, in. 3/4 3/8 3/8 3/8 

Analysis, % 

Ti 67.97 65.11 0.05 0.30 
Zr NDb 0.16 77.96 1.5 
Hf ND ND 1.83 79.11 
Cr 0.01 2.83 0.05 0.33 
B 31.06 30.38 19.22 12.00 
C 0.28 0.52 0.15 0.25 
N 0. 0062 0. 0066 0. 0054 0. 0092 
O 0.0375 0.0126 0.055 0.0100 

Al 0.007 0.01 0.002 0.01 
Co ND 0.10 0.02 0.71 
Cu 0.02 0.02 0.003 0.01 
Fe 0.66 0.62 0.50 1.03 
Mg 0.003 0.001 0.001 0.001 
Mn 0.005 0.01 0.001 0.005 
Mo ND 0.01 - 0.07 
Nb 0.005 0.10 0.05 0.01 
Ni ND 0.06 0.06 0.11 
Si 0.007 0.007 0.005 0.05 
V 0.003 0.003 0.003 0.005 
W ND <1.0 ND 4.88 

Total 100.1 <101. 100.0 100.4 
aSample was not homogeneous. 
DND = not detected. 
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TABLE 6 

RANGE OF COATING PARAMETERS FOR BeO TUBES 

Specimen temperature, °C 

Run time,  min 

H2 flow, standard ml/min 

CO2 flow, standard ml/min 
HC1 flow, standard ml/min 

Argon flow, standard ml/min 

The best coating was obtained with the following conditions: 

1300 - 1600 

30 - 120 

160 - 240 

80 - 110 
37 

120 - 270 

Specimen temperature 1600°C 
Run time 60 minutes 
H2 flow 240 std ml/min 
CO2 flow 110 std ml/min 
HC1 flow 37 std ml/min 
Argon flow 120 std ml/min 

Twenty-three experimental runs were made with boride rods. The coating process conditions 
were varied within the limits given in Table 7. Three runs were made in which H20 vapor was 
introduced directly instead of being generated from H2 and C02- Seven additional experiments 
were performed to test compatibility of various boride compositions with the coating gases. 

TABLE 7 

RANGE OF COATING PARAMETERS FOR BORIDE RODS 

Specimen temperature, °C 1400 - 1750 
Run time, hr 1 - 4. 5 
H2 flow, standard ml/min 240 - 480 
C02 flow, standard ml/min 20 - 750 
HC1 flow, standard ml/min 37-100 
Argon flow, standard ml/min 100 - 270 

3.3 RESULTS 

Coating of BeO Tubes 

Coatings were deposited over the entire external surface of 4-inch-long BeO tubes. Fluffy 
deposits found in the apparatus and on the coating surface were identified as Th02 by X-ray dif- 
fraction. Electron microprobe scanning showed the coatings to be high in thorium with no chlo- 
rine being detected; the detection limit for chlorine is about one percent. The coating also 
showed a fluorescence characteristic of Th02- 

Coating adherence on the BeO substrate was variable, but only fair to good at best. Coverage 
was good but thickness uniformity was poor. It was felt, however, that this marginal quality, in 
respect to uniformity and adherence, was sufficient to satisfy process feasibility requirements. 
The uncoated tubes used were dark. The uniform light color of the coated tube shown in Figure 
15 indicates the completeness of coverage of the substrate.  Figure 16 is a photomicrograph of 
a cross section of a Th02-coated BeO tube. 
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Fig. 15 —Top: BpO tube coated with vapor-deposited ThOo 
Bottom: Uncoated tube for comparison (Neg. P62-9-11A) 
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250 X Ne9. 1535, AS POLISHED 

I'ig. Id - Transverse section of vapor deposited ThOn coating on BeO 
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Coating of Boride Rods 

In general, attempts to coat boride rods with TI1O2 were unsuccessful. The rod usually be- 
came coated with a dark layer varying from a discoloration to a heavy crust. In the worst cases 
a substantial portion of the rod was eaten away. 

In one case an attempt was made to apply a ThC^ coating on a ZrC>2 coating which had been 
produced on a  ZrB2 rod in a previous test.   After a 4-hour coating run,   the specimen was 
sectioned about 1 inch from the end. Metallographie examination showed a two-layer deposit 
which was porous and poorly adherent. Electron microbeam probe scans across the coating re- 
vealed an outer layer of ThC"2 of variable thickness over an intermediate layer of ZrC>2, as shown 
in Figure 17. The abscissas of Figure 17 are proportional to the distance along the scanned path 
and the ordinates are roughly proportional to the concentrations of the indicated elements. In 
this specific scan, the TI1O2 coating was about 25 microns thick. 

Compatibility of Borides with Coating Gases 

When various combinations of coating gases were passed over heated boride rods, CO2 was 
always present when the most severe corrosive attack occurred. It had been supposed that HC1 
gas would be the most corrosive, but that gas alone did not cause significant damage. 

Hafnium diboride was much more resistant to corrosive attack than TiB2, 95TiB2 - 5CrB2, 
or ZrB2. Under coating conditions where the latter materials were severely attacked, HfB2 
merely showed surface discoloration. 

3.4 CONCLUSIONS 

Attempts to coat boride rods with TI1O2 by vapor deposition from an atmosphere containing 
ThCl^ were essentially unsuccessful. The main problem was attack of the rods by the coating 
atmosphere. It appears that the worst damage occurred when CO2 was introduced into the coat- 
ing gas; HC1 gas proved to be relatively harmless. Hafnium diboride was much more resistant 
to corrosive attack than TiB2, 95TiB2 - 5CrB2, or ZrB2-  Figure 18 shows rods which were 
exposed to coating gases, in comparison with untreated specimens. 

BeO bodies were successfully coated with Th02, thereby demonstrating feasibility of the 
coating process itself. The process was repeated sufficiently to show that a measure of control 
and reproducibility could be achieved, but the coating quality was not as good as would be de- 
sired if coated BeO were the goal. 

In one trial, ThÜ2 was deposited on an intermediate layer of ZrÜ2 on a ZrB2 rod. 

The use of H2O vapor directly in place of the H2 + CO2   — H2O + CO reaction showed some 
promise of providing a coating atmosphere which would be effective and would eliminate the cor- 
rosion attributed to CO2. 

3.5 RECOMMENDATIONS 
An attractive feature of the coating method investigated in this work is the possibility of ob- 

taining nearly theoretically dense coatings at relatively low temperatures. If some other method, 
such as the pyrolysis of an organometallic compound, were successful in forming an initial pro- 
tective oxide layer on the boride, then the pyrohydrolysis of ThCl4 might be the most economical 
way to build up the coating to the desired thickness. 

If the pyrohydrolysis method is to be investigated further, continued work on the direct use 
of H2O vapor is advisable. 

An examination of the relative reactivities of HfBo,  ZrB2> and TiB2 with CO and CO2 may 
be of value in a study of the chemistry of borides. 

In view of the results reported in Section 4 regarding the temperature limits of borides in 
contact with graphite, it may be profitable to investigate oxide coatings that are less refractory 
than Th02- 
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95TiB2 

5CrB„ 
HfB„ ZrB, 

Fig.  18— Appearance of boride rods before and after mating runs (Neg. P63-2-10) 
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4.  COMPATIBILITY OF Th02 WITH DORIDES 

4.1 PUBLISHED DATA ON BORIDES 

At the start of this phase of the work, a literature search on properties of borides and their 
chemical compatibility with other materials was started. Although much information on borides 
has been published, very little pertains to the problem under study. In particular, very few 
measurements of the thermal expansion coefficient of borides have been reported. 

The most useful summaries on borides are the chapter by Powell in "High Temperature 
Technology,"13 the book by Schwarzkopf and Kieffer,1^ a NASA translation of a Russian journal 
article,     and an AEC report by Krikorian.1^ The first three references give general informa- 
tion,  some physical properties, and extensive further references to the original sources.  The 
fourth reference, by Krikorian, lists the thermal expansions of numerous materials, including 
eight borides. No sources of the information are quoted, but a revision with references and dis- 
cussion was promised by the author. 

Because of the relatively minor amount of applicable published data on borides, the literature 
searching was reduced to a minimum, and more emphasis was placed on laboratory tests. 

Table 8 lists some pertinent properties of borides which were considered in this research. 
Both original and secondary sources of information are shown.  The original references were not 
all available for verification. 

4. 2 EQUIPMENT 

The only unusual pieces of equipment used in this part of the work were the high-temperature 
furnaces, which are described briefly below. 

Tungsten Tube Furnace 

In order to obtain temperatures up to 2800°C and 3000°C, the tungsten tube furnaces shown 
in Figure 19 were developed at GE-NMPO. The heating element is a tungsten tube, resistively 
heated by a 150-kilowatt,  10, 000-ampere saturable-reactor-controlled power source. The power 
is routed to the furnace by a heavy copper bus system connected to the water-cooled copper elec- 
trodes.  The tungsten tube is fastened at the top with stranded copper cable.   The bottom end dips 
into a pool of gallium-indium-tin liquid eutectic alloy which provides electrical contact and allows 
for thermal expansion of the element. 

A tungsten tube surrounding the heating element is used as a thermal radiation barrier.  The 
space between this barrier and the outer shell is filled with unstabilized zirconia for thermal in- 
sulation. The outer shell and covers are double-walled, water-cooled stainless steel. The fur- 
nace is ordinarily filled with hydrogen, a small flow being maintained to insure a slight positive 
internal pressure. The furnace is operated similarly when a helium atmosphere is used.  A closed- 
end molybdenum muffle is available for performing tests in a vacuum. 

A quartz window at the top of the furnace allows use of an optical pyrometer for temperature 
measurements. 

The life of the tungsten heating element is dependent on operating temperature.  The element 
may reasonably be expected to last for 75 to 100 hours at 2500°C and for 25 to 40 hours at2800°C. 
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TABLE 8 

PROPERTIES OF BOR1DES 

Coefficient Of Percent Expansion 
Melting Point, Thermal Expansion 25° To 

Material oc Reference* Range Of Stability, °C Reference* Per Degree C Reference*     500°   1000°    1500°C Reference» 

Th02 3300 ■ 100 13, p. 74; 17 0.41   0.92      1.46 13, p. 50; 18; 16 
TiBa 2790 19; 20 It, 1 x 10-6 21 

2600 13, p. 141; 22; 23 Up to melting point 19 (Room temperature 
/to 1000°C> 

2980 15, pp. 239, 250; 24; 
25 

20 to 2800 t. 30 15, p. 250; 26 8.1 x 10-6 
(25° to 1300OC) 
8.3 x10-6° 

27 
22 

ZrB2 2990 - 3000 13,p.l41;23;28 Up to melting point 19 5. 5 x 10-6 14, p. 283; 29 0.27   0.64      1.03 16 
3040 ■100 15, pp. 239,252; 29; 

20 
20 to 3040 15, p. 252; 26 7. 3 x10-6 

8.1 x 10"6b 
21 
22 

3000 22 
HIB2 3062 

3250 t100 
13,p.l41;23 
14, p. 85;15,p. 253; 
30 

20 to 3250 15,p.253;26 5. 5 x 10-6 
(Room temperature 
to 1000°C) 
5.3 xlO-6 

14, p. 285        0.25  0. 54 

15, p. 253; 30 

16 

VB 2100 1 60 14, p. 287; 31 
VB2 2400 1 50 15,p.239;26;20 Decomposes to VB * B 

on melting 
20 to 2400 

13,p.142; 19 

15, p. 239; 26 
NbB2 3000  1 50 15, p. 239; 32; 20 Decomposes to NbB + B l?,p. 142; 19 

TaB2 3000 14, p. 295 
3100 1 50 15, p. 256; 26 

CrB2 1850 14, p. 299; 31 
1900   1 50 15, p. 258; 26 
2150 1 50 

MoB 2180 13,p.l41;33 
2180 14, p. 303; 34 
2100 15, p. 262; 26 
2325 - 2374 15, p. 262; 35 
2180 1 50 20 

MoB2 2100 14, p. 303; 34 
2100 1 50 20 

WB 2920 1 50 13, p. 141 
2860 14, p. 306; 31 
2400 i 100 15, p. 264; 26 
2860 i 80 20 

LaB6 2210 37 
CeB« 2190 37 

>2100 13,p. I4l;38 
SinBg 2400   : . 100 37 
GdBß >2150 37 
ThB4 -2500 14, p. 308; 36 

2500 22 

on melting 
Decomposes above 2900   14, p. 290; 19 
20 to 3000 15, p. 239; 26 
Decomposes to TaB + B   13, p. 142; 19 
on melting 
20 to 3100 

20 to 1850 

Up to 2000 

20 to 2180 »MoB 
2000 to 2180 .iMoB 

Up to 2040 
20 to 2400 

15, p. 256; 26 

15, p. 258; 26 

13,p.l41;33 

15, p. 262; 26 

13,p.l41;36 
15, p. 264; 26 

0.23   0. 56 
0.30   0.65 

»Reference numbers refer to those listed in the reference section. 
°These are quoted as per degree Fahrenheit. 
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f' ig.  19 - lligh-lemperature tungsten tube furnaces in laboratory operation 
(Neg. P62-4-3A) 

Fig. 20 TliO,-llflV, sample after 1 how in dV) hydrogen al 2700°C 
v      P62-9-12) 
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4. 3 MATEWALS 

Thor ia 

The thoria used in these tests is the 99. 7 percent pure powder mentioned in section 2. 

Borides 

Commercially available boride powders were used. The following samples were obtained: 

Vendor Borides 

American Potash and TiB2,  VBg,  LaBg,  CeBg, 
Chemical Corp. PrBg, NdBß, SmB6, GdBg. 

The Carborundum Co. TiB2,   ZrB2,  and HfB2 

National Carbon Co. TiB2 

U. S. Borax Research Co. TiB2,   ZrB2,  VB2,  NbB2, 
CrB2,  M0B2,  MoB, WB 

Borides already on hand at        TiB2,   ZrB2,   M0B9, WB, 
GE-NMPO. These are mostly   TaB,  EuBg 
of European manufacture. 

The compositions of the borides purchased are shown in Tables 9,  10,  11, and 12.  These 
tables illustrate the general quality levels of borides commercially available in the fall of 1962. 
Since manufacturers are continually improving their products, these results may not be repre- 
sentative of currently available matarials. To avoid unwarranted comparisons, the names of 
vendors are omitted from the tables. 

To test compatibility, thoria-boride compacts were prepared by partially loading a die with 
Th02 powder and tamping it to leave a cup-shaped depression in the center.  A powdered boride 
was poured into the depression through a small funnel. The rest of the ThC>2 was added and cold 
pressing was completed. 

The cold-pressed samples were sintered in hydrogen at 1700°C for 4 hours or more to 
strengthen them for further handling. The shrinkage during this step frequently revealed flaws 
before testing at high temperatures. 

4. 4 EXPERIMENTAL PROGRAM AND PROCEDURES 

The objective of this program was to determine if selected high-melting borides react with 
Th02 when the two materials are heated together in reducing, neutral, or oxidizing atmospheres. 
In an oxidizing atmosphere, the boride would have to be surrounded and protected by a layer of 
Th02- Since it was desired to avoid any synthesis of pure borides, the purest commercially 
available borides and thoria were used.  The work was conducted to eliminate, if possible, any 
further contamination of the starting materials. 

Preparation of Specimens 

The thoria powder was readily compacted into 1/2-inch or 1-inch diameter pellets by cold 
pressing in a steel die at an indicated 10, 000 psi. Some pellets were further compacted by hy- 
drostatic pressing at 25, 000 psi or higher.  A thin film of stearic acid was used to lubricate the 
die, but no binder was necessary. The larger Th02 setting pieces which were used to isolate the 
test specimens from contact with crucibles were made in the same general way. 

Tests Under Reducing Conditions 

In the first high-temperature tests,  Th02 pellets (without boride added) were sintered in dry 
hydrogen (with -40°C dewpoint) for 1 hour at 2000°C. Additional samples were heated at 2200°, 
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TABLE 9 

ANALYSES OF TITANIUM DIBORIDE 

Nominal formula TiB2 

Theoretical composition, % 
Ti 68.88 
B 31.12 

Analysis No. 5 No. 6 No.  7 No. 21 No.  23 
Major elements, % 

Ti 68.28 68.33 68.89 68.91 67.29 
B 29.84 30.98 29.50 30.68 29.66 
C 0.51 0.49 0.24 0.063 0.75 
O 0.25 0.29 0.50 0.49 1.50 
N 0.59 0.50 0.04 0.03 1.78 

Trace elements, ppm 
Al 100 100 200 NDa 3000 
Co 200 ND ND ND ND 
Cr 700 100 ND 50 ND 
Cu ND 30 ND ND - 
Fe 2000 300 4000 100 100 
Mg 10 500 10 10 50 
Mn 20 ND 30 ND ND 
Mo 100 ND ND ND ND 
Na 20 20 20 10 20 
Ni 70 ND ND 50 ND 
Si 20 100 30 30 200 
Zr 200 30 200 ND ND 
K 20 20 50 20 20 

Total 99.81 100.7 99.6 100.2 101.3 

B/Ti atom ratio 1.93 2.00 1.89 1.96 1.95 

aNot detected. 
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TABLE 10 

ANALYSES OF ZIRCONIUM AND HAFNIUM DIBORIDES 

Nominal formula ZrB2 ZrB2 ZrB2 HfB2 

Theoretical composition, % 
M 80.83 80.83 80.83 89.19 
B 19.17 19.17 19.17 10.81 

Analysis No. 4 No. 8 No. 22 No. 9 
Major elements, % 

Zr 80.47 81.40 78.73 4.30 
Hf 1.55 _a 1.68 85.30 
B 17.64 18.41 19.13 9.93 
C 0.15 0.26 0.11 0.50 
0 0.77 0.35 0.79 0.59 
N 0.13 0.02 1.09 0.18 

Trace elements, ppm 
Al NDb 100 3000 100 
Ca ND 1000 500 ND 
Co 500 ND ND ND 
Fe 500 3000 4000 300 
Hf - 100 - - 
Mg 20 200 1000 50 
Mn ND 20 100 10 
Mo 500 ND 70 700 
Na 70 30 20 20 
Si 200 200 700 200 
Ti 700 100 3000 200 
K 20 20 20 20 
V ND 50 ND ND 

Total 101.0 100.9 102.8 101.0 

B/M atom ratio 1.83 1.91 2.03 1.75 

aAnalysis not performed. 
bNot detected. 
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TABLE 11 

ANALYSES OF TRANSITION METAL BORIDES 

Nominal formula MoB2 M0B2 MoB VB2 NbB2 Wli WB TaB CrB2 

Theoretical composition, % 
U 81.60 81.60 89.87 70.19 81.11 94.44 94.44 94.36 70.62 
B 18.40 18.40 10.13 29.81 18.89 5.56 5.56 5.64 29.38 

Analysis No.  1 No.  17 No. 25 No. 2 No.  3 No. 18 No.  26 No. 19 No. 24 
Major elements, % 

M 80.53 76.52 89.02 69.67 80.85 93.38 95.67 94.18 67.37 
B 17.89 16.63 9.25 28.52 17.83 5.48 3.57 5.25 28.76 
C 0.048 0.01 0.04 0.27 0.029 0.01 0.013 0.04 0.08 
0 1.24 3.73 0.84 1.07 0.66 0.77 0.34 0.29 0.39 
N 0.02 0.06 0.01 0.01 0.01 0.03 0.00 0.04 0.43 

Trace elements, ppm 
Al ND* ND ND ND ND 50 ND 30 100 
Co 200 ND 70 ND 200 ND ND ND 100 
Cr 100 100 300 200 700 50 50 200 _b 

Cu 30 70 - ND ND 70 - ND - 
Fe 700 1000 1000 2000 2000 300 300 500 1000 
Mg ND ND ND ND ND 500 ND ND 30 
Mn ND 300 ND ND ND 200 ND ND 50 
Mo - - - ND 1000 100 100 200 500 
Na 30 10 30 15 20 20 20 20 50 
Nb ND ND - ND - ND - 2000 - 
Nl 30 100 100 50 100 50 50 ND 300 
SI ND 150 ND 50 ND 50 20 100 ND 
Ta ND ND - ND 1000 ND - - - 
Ti 2000 1000 1000 200 500 100 200 30 700 
V ND ND ND - 3000 50 ND 100 300 
Zr 4000 50 300 100 300 ND 100 ND 2000 
K 20 20 

97.2 

30 

99.4 

20 

99.8 

20 20 

99.8 

20 

99.7 

20 20 

Total 100.4 100.3 100.1 97.5 

B 'M atom ratio 1.97 1.93 0.92 1.93 1.90 0.997 0.634 0.94 - 
aNot detected. 
0 Analysis not performed. 
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TABLE 12 

ANALYSES OF RARE EARTH METAL BORIDES 

Nominal formula ™6 LaBg CeB6 PrB6 NdBg SmBg GdBg EuBg 

Theoretical composition, % 
Ma 57.80 68.15 68.33 68.46 68.96 69.84 70.78 70.07 
B 42.20 31.85 31.67 31.54 31.04 30.16 29.22 29.93 

Analysis No. 10 No. 11 No.  12 No.  13 No.  14 No. 15 No.  16 No.  20 
Major elements, % 

M 61.89 67.00 66.95 68.32 68.07 67.47 73.09 64.69 
B 36.74 30.11 30.45 28.31 28.49 29.41 25.37 29.24 
C 0.41 0.29 0.28 0.31 0.66 0.32 0.24 0.96 
O _b - - - - - - 1.48 
N - - - - - - - 1.28 

Trace elements, ppm 
Al 100 1000 NDC ND - - - - 
Cr ND 500 50 ND 1000 500 700 30 
Fe 2000 1000 300 1000 1000 1000 3000 1000 
Mg 50 100 30 ND ND ND ND 1000 
Mn - - - - ND ND ND 100 
Mo - - - - ND ND ND 100 
Na 30 10 20 20 20 10 20 30 
Ni 50 500 ND ND - - - - 
Si ND 20 ND ND ND ND ND 100 
K 50 20 20 20 20 20 20 20 
Ti 100 20 ND ND - - - - 
V 30 ND ND ND - - - - 
Y - 500 500 ND ND 500 ND ND 
Eu 200 50 ND ND - - - - 
La ND - 500 ND - - - - 

Total (99.3) (97.8) (97.8) (97.0) (97.0) (97.4) (99.1) 97.9 

B/M atom ratio 4.88 5.77 5.89 5.77 5.99 6.06 5.05 6.35 

aRare earth metal. 
''Analysis not performed. 
cNot detected. 
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2400°, and 2800°C. After the densities had been determined, the pellets were heated in air for 
24 hours at 1050°C to remove what appeared to be films of tungsten or rhenium from the cruci- 
bles. The dark surfaces were lightened to yellow or tan by this treatment, but weight changes 
were insignificant. When the pellets were cut in half, several were noted to have black centers. 
Table 13 summarizes some of the observations on these pellets. 

A sectioned half of one of the pellets heated at 2800°C was again heated in air at 1050°C. In 
1 hour, the black area bleached to a pale gray and after four hours the entire cut surface was 
white. The black-and-white cut face and the air-fired white face were both examined by X-ray 
fluorescence spectroscopy. The recorded spectra were the same for each sample. 

These observations suggested that a substoichiometric material (Th02_x) had been formed in 
some of the specimens. 

One of the 2800 C black-centered pieces was metallographically polished and examined. 
Shiny metallic particles up to 10 microns in diameter were observed in the center, but not in the 
white rim.  Examination by the electron microprobe indicated that the particles contained about 
10 percent higher thorium than the surrounding oxide, thus, confirming that they were thorium 
metal. 

The most reasonable conclusion from these tests is that thoria heated in dry hydrogen in the 
temperature range of 2200° to 2800°C is converted to a substoichiometric oxide which dispro- 
portionates on cooling to form thorium metal and a more nearly stoichiometric thorium oxide. 

In other tests,  samples of Th02, TI1O2 with HfB2 centers, and TI1O2 with ZrB2 centers were 
placed on a ThC>2 disk in a rhenium crucible and heated in hydrogen for 1 hour at 2700°C.  The 
thoria turned gray or black; the ThC^-boride samples showed extensive deformation and incipi- 
ent melting.  Figure 20 shows the Th02-HfB2 sample after heating. Originally, this was a stack 
of two Th.02 pellets with HfB2 centers. 

in a test at a lower temperature, dry hydrogen at 2500°C converted TI1O2 to a black-coated, 
gray friable mass.  The Th02-ZrB2 compacts did not appear to melt under these conditions but 
the Th02-HfB2 again showed melting. 

Since the tests in dry hydrogen showed uniformly unfavorable results,  a shift to a relatively 
more oxidizing atmosphere was made. 

Tests in Moist Hydrogen 

Moistening of the hydrogen atmosphere had a markedly beneficial effect on the behavior of 
ThÜ2 at high temperatures. When the hydrogen entering the furnace was bubbled through water 
at 0°C,  Th02 pellets heated at 2700°C for 1 hour remained dense and white and free from cracks. 
This beneficial effect did not extend to the oxide-boride compacts.  A glassy phase appeared in 
the Th02-ZrB2 and Th02-FfB2 samples heated for 1 hour in moist hydrogen at 2400°C or at 
2600°C.  At the higher tomperature, the boride completely disappeared, leaving a cavity, while 
at the lower temperature a residue,  lighter in color than the original boride, remained. In the 
case of Th02-TiB2 heated at 2600°C, a different behavior was observed.  The entire pellet turned 
black; and while a cavity marked the original position of the boride, no accumulation of a glassy 
phase was evident.   Figure 21 shows the destructive reaction between Th02 and the borides in 
these specimens. 

Visual and microscopic examination of polished sections of these Th02-boride specimens 
revealed a porous Th02 body witn a large cavity where the boride had been.  Near the cavities in 
the Th02-ZrB2 and the Th02-HfB2 couples, there were dense, non-porous areas which appeared 
to have melted and resolidified.  Figure 22 shows the microstructures of the Th02-ZrB2 sample 
heated for 1 hour at 2600°C in hydrogen of 0°C dewpoint. (This same specimen is shown in Fig- 
ure 21b.) Figure 22a shows the dense layer lining the cavity and Figure 22b shows another region 
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Neg. P63-1-38B N<*g. P63-1-38C 

a-ThO,-ZrB„ 2400°C b-ThO,-ZrB,, 2600°C 

N.g. P63-1-38A 

c - Th02-HfB2, 2600°C 

Neg.  P63-I-38D 

d ~Th02-T,B2, 2600°C 

I'if. _!     Polished sections of ThOo-Boride compacts after ! hour in hydrogen 
of c r -i.-u.„.i„t 
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Neg. 1886 

Neg.   1887 100 X 

I''is;. 22    Photomicrographs of TIIOD-ZIB., compact after heating for I hour ;it 
2600°C in hydrogen of ()' C dewpoial 
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TABLE 13 

OBSERVATIONS OF Th02 PELLETS SINTERED IN HYDROGEN 
AND THEN FIRED IN AIR AT 1050°C 

Sintering Apparent Density 
Temperature, Cold Pressed, After Sintering, 

oc psi percent of theoretical Appearance Of Cut Surface 

2000 11,000 99a White 
25,000 95 White 

2200 11,000 95 White 
25, 000 98 Black center, 2-3 mm white rim 

2400 11,000 96 White 
25,000 100 Black center,  1.5-2 mm white 

rim 

2800 11,000 101.5 ( Black center, 0.5-1 mm white 
25,000 99     | rim 

aThis measurement is believed to be too high.   The sample appears porous. 

TABLE 14 

LIQUEFACTION OF BORIDES IN CONTACT WITH GRAPHITE 

Published Melting Liquefaction 
Boride Point, oc Temperature, °C Sample Type 

TiB2 2790 - 2980 2550 - 2600 Chip 
2500 Powder 

ZrB2 2990 - 3040 2475 - 2525 Chip 
2425 Chip 
2400 Powder 

HfB2 3062 - 3250 2600 Powder 
WB 2400 - 2900 2375 - 2425 Powder 
TaB >2000 2725 Powder 
NbB2 3000 2525 - 2550 Powder 
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where material has flowed to fill a T-shaped crack.  Figure 22 is typical of areas observed on the 
Th02-ZrB2 and Th02-HfB2 samples. 

The different behavior of the ThOo-Til^ specimen (Figure 21d) is illustrated in the photo- 
micrograph shown in Figure 23.  No dense layer is observed at the boundary of the cavity in this 
case.  Examination of the specimen revealed small amounts of a second phase which had selec- 
tively collected at grain boundaries. 

The results of microprobe examination of the samples of Figure 21 may be summarized as 
follows: 

1. Only traces of tungsten were found in the samples. This indicates that the observed be- 
havior was that of the samples and was not caused by contamination and fluxing by tung- 
sten oxides from the crucible or heating element. 

20 Insignificant amounts of Zr or Hf from the corresponding borides were found in the main 
body of the ThC>2-  This indicates that no great transport of these ions by diffusion from 
their original locations occurred. 

3. At the dense, non-porous areas, the sample current increased and the concentration of thori- 
um fell off. The indication of Zr or Hfwas high at the edge of such regions but was low inside 
them. Since higher sample current is characteristic of areas of lower average atomic 
weight,   these observations are consistent with the assumption that the borides had been 
converted to borates which melted and flowed away, leaving the large cavities.  Boron and 
oxygen are not directly observable by this technique. 

4. The second phase in the heated Th02-TiB2 compact was high in Ti and low in Th.  Except 
for these isolated regions, Ti was not detected in the Th02 body of this sample. 

4. 5 REACTION OF BORIDES WITH GRAPHITE 

Several sources refer to reaction of borides with graphite at 2200° to 2500 C.  Feisel"39 

stated that a ZrB2 compact reacted with a graphite container at 2500°C to produce a liquid phase. 
Jackson and Palmer^O in their description of hot pressing techniques,   note that "A liquid phase 
was produced, however, during the pressing of both zirconium boride and titanium boride at tem- 
peratures of the order of 2300°C.  This is rather surprising since it has been shown by Glaser that 
the borides of zirconium and titanium are stable in the presence of carbon at temperatures up to 
their melting points (3040°C and 2980°C,  respectively). It would appear, nevertheless, that some 
decomposition of the boride or interaction with the die was taking place." Mr. A.  A» R.  Wood 
related that, in his experience,  TiB2i  ZrB2> and TaB2 all form liquid phases in contact with 
graphite at 2200° to 2300°C.  Mr Wood indicated a report by Chown and  Deacon42 in which the 
melting temperatures were stated to be in the range 2300° to 2500°C. 

Tests of Compatibility of Borides with Graphite 

For these tests,  a graphite crucible insulated with carbon black was induction heated in a slow 
flow of tank argon.  Each boride sample was held in a small cavity drilled in a short piece of 1/2- 
inch-diameterspectrographic-grade graphite rod which was heated inside the larger crucible.  A 
graphite cover with a l/8-inch viewing opening was placed on the larger crucible. With practice, 
even though near black-body conditions prevailed inside the crucibles, the liquefaction of the sam- 
ples could be readily observed through the pyrometer telescope.  The results of the tests are sum- 
marized in Table 14.  They confirm the observations of others that borides react with graphite at 
temperatures far below their melting points.  Since the liquefaction temperature must depend 
strongly on the intimacy of contact of the boride with graphite and on the duration of preheating at 
temperatures where carbon diffusion can occur, these results probably would not be reproducible 
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Fig. 23- Photomicrograph of ThC^-TiF^ compact after heating for 1 hour at 
2600°C in hydrogen of 0°C dewpoint 
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in other experimental set-ups. It seems probable that bonded coatings would liquefy at lower tem- 
peratures than were observed in these experiments where the borides were in loose contact with 
the graphite. 

4. 6 CONCLUSIONS 

This research is considered to be a preliminary survey of the problem of compatibility of 
Th02 with borides, rather than a comprehensive investigation. It did not indicate that thoria 
would protect borides from oxidation at high temperatures. 

Thoria heated In dry hydrogen (-40°C dewpoint) becomes substolchiometric Th02_x at ap- 
proximately 2200°C and higher. This material may be friable. Thoria heated with ZrB2, HfB2, 
or T1B2 in dry hydrogen produces a liquid phase in the temperature range of 2500° to 2700°C. 

Thoria heated in moist hydrogen (0°C dewpoint) is stable to at least 2700°C. When it is 
heated in this atmosphere in contact with ZrB2,  HfB2, or TiB2,  a liquid phase is formed at tem- 
peratures around 2400° to 2600°C.  The first two borides probably are converted to borates. 

These experiments indicated that thoria and commercial borides react at about 2500°C. This 
reaction may have been influenced by impurities or by the oxygen potential of the test atmosphere; 
however, it is not believed that the gross attack observed should be attributed to these effects. 
Rather, it is believed that thoria ana the borides react with each other. 

Various borides heated in contact with graphite in an argon atmosphere formed liquid phases 
at temperatures several hundred degrees below their melting points.   This additional problem, 
the reaction of borides with graphite, indicates that the TM^-boride reaction may not be the factor 
which limits TI1O2 as a protective coating. 

4. 7 RECOMMENDATIONS 

The recommendations that would be applicable to this portion of the work have been incor- 
porated in the general recommendations of section 5. 
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5.   GENERAL RECOMMENDATIONS 

The objective of this work was to acquire information bearing on the feasibility of protecting 
graphite from oxidation at high temperature by covering it with an impervious layer of Th02- 
Reaction of graphite with TI1O2 would be prevented by a buffer layer of a boride with a high 
melting point. 

When this work was started, the limited information available indicated that borides would 
be stable in contact with graphite at temperatures up to their melting points. Evidence from this 
work and from recently available publications indicates that this premise is not correct if heating 
times of at least a few minutes are contemplated. If this protection scheme is to be investigated 
further, the first effort should be a re-examination of the compatibility of borides with graphite 
at high temperatures. The purity of the borides and the intimacy of their contact with graphite 
would be important parameters to consider in such tests. 

If some borides appear to be compatible with graphite at desired temperatures, the next 
problem to consider is the protective qualities of a ThO£ layer. If the diffusion coefficients of 
oxygen in TI1O2 as reported in section 2 are used as a basis for extrapolation to higher tempera- 
tures, a TI1O2 diffusion barrier a few mils thick will not offer much protection at temperatures 
above 2000°C. With carefully controlled doping it might be possible to decrease the diffusion 
coefficient of oxygen in thoria by one or more orders of magnitude without lowering its melting 
point too drastically.  If the maximum temperatures of acceptable boride-graphite compatibility 
are low enough, other oxides may be substituted for TI1O2. 

Any further investigation of the feasibility of coating borides with an oxide will be seriously 
hampered unless thermal expansion coefficients are determined for the materials in the tempera- 
ture ranges involved. With further development, deposition of TI1O2 by pyrohydrolysis of TI1CI4 
might prove to be the most economical way to build up a coating on an initial layer applied by 
some other method.  If the pyrohydrolysis method is to be investigated further, coating gases 
which omit CO2 should lessen the corrosion problem. 

The above recommendations apply if relatively long-term protection is desired.  If protection 
for only a few seconds to a minute were sufficient, then a much more elaborate program to investi- 
gate the kinetics of the destructive changes and the effects of thermal shock would be needed. 
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APPENDIX I 

MATHEMATICAL SOLUTIONS OF THE DIFFUSION EQUATION 

The diffusion coefficients reported in section 2 of this report were obtained by adjusting 
the parameters of an appropriate solution of the diffusion equation to give the best fit between 
experimentally determined quantities and the predictions of the mathematical model. A number 
of these solutions  have been available for some time. These were rederived to check on the as- 
sumptions made in their formulation and to give assurance that typographical errors had not 
crept into the published versions. Other solutions are derived here for the first time. 

Several techniques are available for solving linear partial differential equations together 
with specified initial and boundary conditions. The technique chosen here was the Laplace trans- 
form method. A brief discussion of Laplace transforms is included for readers who are not fa- 
miliar with them.  Following this discussion the various solutions are derived. 

Many of the solutions, particularly those in the form of infinite series, are not convenient for 
numerical calculations. Appendices II, III, and IV present the details of the digital computer pro- 
grams which have been prepared. Included are useful tables and graphs which simplify the work 
of obtaining the desired values of the diffusion coefficients. 

1.1 THE LAPLACE TRANSFORM METHOD 

This section is intended as a rapid review for those who have had some acquaintance with 
Laplace transforms or as a very brief introduction for those who are unfamiliar with this tech- 
nique. For proofs, existence theorems, and detailed derivations the reader is referred to the 
various texts on the subject.   Churchill43,   McLachlan44,   and Carslaw and Jaeger45 are suit- 
able. The text by McLachlan is particularly valuable for the problems treated here.    A second 
book by Carslaw and Jaeger46 has solutions of heat conduction problems which can be applied 
to diffusion problems by redefining the variables. 

Before the utility of the Laplace transform method can be demonstrated, the transform must 
be defined and several of its properties described. 

If f(x) is defined for all positive values of x, and if the function meets certain conditions that 
insure the existence of the following integral, 

f(p) = /""ftoe-PXdx (1-1) 

then f(x) and f (p) are said to be a Laplace transform pair. In particular, f (p) is the (direct) trans- 
form of f(x) and f(x) is the inverse transform of f (p). Where no confusion should arise, the func- 
tions are referred to as f and f. Similarly, x is the transform of^ x, etc.^Simple transforms may 
be derived by direct integration.  For example, if f(x) = 1, then f (p) = /   e"Px dx = 1/p. By such 

o 
integrations and other methods, extensive tables of transform pairs have been computed. Refer- 

*This text employs a different definition of the Laplace transform. 
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ence to these tables frequently reduces the labor of applying the transform method. A small 
selection of transform pairs is shown in Table 15. 

TABLE 15 

A SHORT LIST OF LAPLACE 
TRANSFORM PAIRS 

f(p) f(x) 

1 
p 

1 

P2 

1 

1-1/2 . 

x)"1/2 

1 

X 

— sinh mx 
m p2-m2 

P 

P2- 

1 

m2 

2 
■ a e       erfc (ax ''') 

pl/2 + a 
- aeerfctax1/2)* 

erfc x - 1 - erf x 
x2 

eerfc x = e    erfc x 
Several numerical tables of the error function 
(erf x) and the complementary error function 
(erfc x) are available. 

A second point to be covered is the correspondence between certain operations on f(x) and 
f (p). If we adopt the symbolism, L[f(x)] = f (p), and use primes to indicate differentiation with 
respect to x, then integration by parts in Equation (1-1) leads to 

L[f'(x)]=pf~(p) -f(0+), (1-2) 
and 

L[f"(x)l = p2 F(p) - pf(0+) - f'(0+). (1-3) 

The quantity f(0+) is defined as the limit, as x approaches zero through positive values, of f(x). 
This distinction is important when f(x) is discontinuous at x = 0. 

With these preliminaries completed, let us solve a simple differential equation. 

Given: 

*S? -m2x(t) = 0 

x(0+)=a (1-4) 

x'(0+) =b, 

where a, b, and m are constants. 
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If we transform the equation term by term we obtain 

p2x - px(0+) - x' (0+) - m2x = 0 

(p2 - m2) x = pa + b 

(1-5) 

-     pa + b x =  V      2 p* - rr m' 

x = a + b (1-6) 

By reference to the table of transforms, x = a cosh mt + b/m sinh mt. 

If A = b/m and B I a, we reduce the solution to the familiar form 

x(t) = A sinh mt + B cosh mt. (1-7) 

With a table of transforms available, the differential equation was solved by ordinary algebraic 
manipulations. 

In the case of partial derivatives, one makes the tranformation with respect to only one vari- 
able with each application of the transformation process.  For example, given f(x,t) then trans- 
formation with respect to t leads to f (x,p). Also, with the proper restrictions on f(x,t) it can be 
shown that transformation with respect to t gives 

and 

at 

9X 

ii 
8x2 

f(x,t) 

f(x,t) 

pf(x,p) -f(x, 0+), 

d|f(x,p), 

f(x,t) 
d2   r,      . 
dx2 f(x'pK 

(1-8) 

(1-9) 

(1-10) 

Frequently, including most of the cases treated in this Appendix, the inversion of the trans- 
form cannot be obtained by reference to available tables. In those cases, the Inversion Theorem 
may be used. This states that if 

then 

f(p) = /'Ce-Ptf(t)dt, p>0, 
o 

f (t) = ~- lim    f y+i/Vt T(X) dX (Ml) 

where y is a constant greater than the real part of any singularity of f (A). Application of the 
Inversion Theorem requires familiarity with complex variable theory and the evaluation of in- 
tegrals by the residue theorem. These applications will be treated individually as special cases 
when they arise. 

Finally, Theorem XI given on page 256 of reference 45 will be useful in later work. In the 
symbolism of this Appendix, the theorem states that if x (0+) exists and if p— 0 through positive 
real values, then 

lim px(p) ■ lim x (t) 
p—0 t—« 

The restrictions on x (t) are ones which have already been assumed in this Appendix. 
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I. 2 DIFFUSION FROM A LIMITED VOLUME OF WELL-STIRRED FLUID INTO A PLANE SLAB 
(INSTANTANEOUS EQUILIBRIUM AT THE SURFACE IS ASSUMED) 

Assume that a plane slab of thickness 2 I is located in a coordinate system so that the faces 
of the slab lie in the planes x = i and x = -I. Also, assume that all of each face is exposed to 
a fixed volume of an aqueous dye solution. If the slab extends far enough in the y and z directions, 
the concentration gradient of dye diffusing into the solid will be 8C/8x, a function of v only. If 
the diffusion coefficient, D, of the dye diffusing into the slab is independent of concentration, C, 
then Fick' s second law of diffusion may be written 

82C     1 8C 
ix2-5^=0 ^-13) 

where 0 < x < I . 

The concentration is a function of x and t.   If C is measured in moles/cm3 and t is in seconds, the 
diffusion coefficient, D, has the dimensions cm2/sec. 

Now assume the same geometry, but replace the liquid with a well-mixed gas which is en- 
riched in an isotope of oxygen. This isotope is to diffuse into the solid and displace a different 
isotope of the same element. For example, the gas may be enriched in O1^ which will diffuse 
irto a solid oxide and displace O    . 

In following the course of such an experiment, certain complications arise because it is much 
more convenient to deal with isotopic enrichment (mole fraction of the isotope) in the gas and in 
the solid than it is to compute concentrations (e.g. in moles/cm3).   For the solid, let ng = total 
moles per cubic centimeter of the element under consideration and let v(x, t) be the enrichment 
of the diffusing isotope. For example, ng might be the moles of oxygen (total of all isotopes) per 
cubic centimeter and v(x,t) might be mole fraction of O    . 

Since C = ng v and ng is a constant, it follows that 

£C _ „1 OH 

and 

S2"    ns^2 

8t' ~ "s 8t 

a2c      1 a2v 

Therefore, from Fick's second law we can derive the convenient expression 

82v      1 8v 
ix2-D8T=°' &"1«» 

where 0 < x < I . 

We turn now to Fick's first law 

8C 
J--D-. (1-15) 

This relates the flux, J, of a material diffusing through an interface to the concentration gradient 
at the interface. 

If C is in moles/cm , then the unit of J will be moles/cm2-sec. Again, we must adapt this 
equation to the use of mole fractions. Assume that the volume of the solid is V, its total area 
exposed to the gas is A, and that it contains ns moles of O. Since 

3C _ _1 8v 
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and „ 
1       s 

ns " y ' 

then 
9C _ "s 9v 
8x ~ v ax ' 

Also, if there are tig moles of O in the gas and the enrichment of O in the isotope which is dif- 
fusing is u, then the amount per second of isotope leaving the gas is ng(3u/9t). This is equal to 
the total area times the flux per unit area. Therefore, at x -I, 

The minus sign is needed in this equation because 9u/3t is numerically negative and 9v/3x is 
numerically positive at x =-£. Let A = ng/ns, i. e., X is the ratio of moles of O in the gas to 
moles of O in the solid, without regard to  isotopic composition. Also let S be the surface-to- 
volume ratio for the solid. 

In the case of this slab, 

S ~ Al    I 

If areas are in cm2 and volumes in cm3, then S has the dimension cm"1. When these newly de- 
fined quantites are used, 

3u SD 9v „ ._, 
*" -T* (I-17) 

when x = I , and t > 0. 

Furthermore, from conditions of geometrical symmetry, there will be no net flow of iso- 
tope across the central plane of the slab. Therefore 9C/9x = 0, x = 0, and t fe 0 or 

9v 
£-0 (1-18) 

where x = 0 and t ^ 0. 

The assumption of isotopic equilibrium between the gas and the surface of the solid may be 
expressed by 

u = v (1-19) 

for x =1 and t £ 0. 

Finally, the values of u and v at the start of the experiment are specified as: 

u = ux (1-20) 

when t = 0 and 

v = vi (1-21) 

when t = 0 and 0 5 x s | . 
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In setting v = vj it is assumed that at the start of the experiment the solid may already con- 
tain a uniform distribution of the isotope which will diffuse in. Also, the previous assumption that 
3v/3x is positive at x= I implies that uj > v\. 

To start the solution, transform the terms of Equation (1-14) to 

U-^(pv-V1) = 0 (1-22) 

If we define 

q2=^ (1-23) 

where p is the Laplace transform variable and D is the diffusion coefficient, then 

&-.'?.-£ a-«) 
This has reduced the partial differential equation in the variable v(x, t) to an ordinary dif- 

ferential equation in the variable v(x).  Until we are ready to make the inverse transformation, p 
is considered to be a parameter of the equation in the variable v. The homogeneous equation 
corresponding to Equation (1-24) has the solution (see Equation 1-7), 

v = A sinh qx + B cosh qx 

Since vj/p is a particular integral of Equation (1-24), the general solution of Equation (1-24) is 

v = A sinh qx + B cosh qx + — (1-25) 

We now particularize the solution by applying the restrictions of the various boundary con- 
ditions. From Equation (1-18) 

dv 
dx 

= q (A cosh 0 + B sinh 0) = 0 
x=0 

Since cosh 0 = 1 and sinh 0 = 0, for Equation (1-18) to be valid we must have A = 0, and 

v = Bcoshqx+^i (1-26) 

If we define 

SD 
M = Y (1-27) 

and use v from Equation (1-26), then Equation (1-17) transforms to 

pü - ui = -MBq sinh qI (1-28) 

From Equation (1-19), u = v at x = f. It follows that ü = v at x = I , and 

pv - \i\ = -MBq sinh q-C (1-29) 
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If we insert v from Equation (1-26) and solve for B we find that 

B = 
ul -vi  (I_30) 

p cosh q-f- + Mq sinh q f 

and thus from Equation (1-26) that 

p cosh H< + Mq sinh q t     p 

Finally, since u = v at x = i , we have 

_ =    (ui -vi)coshq^ + vj_ . 
pcoshq-f, + Mq sinh qf      p 

The next step will be to invert ü and thus find u(t), the variation of enrichment of the gas as 
a function of time. The latter quantity u(t) can be determined by experiment. 

First, however, let us examine a way to make the subsequent algebraic manipulations 
simpler. If we adopt the symbolism L_l[f (p)]  = f(x) to indicate the operation of performing the 
inverse transformation and if we temporarily transform only the second term of if, then 

u'vl_ L-i / cosh q-E \ 
ui - vi Ipcoshq-t + Mq sinh qll 

The quantity in parentheses is exactly the transform of u/ui that would have been obtained if we 
had assumed v\ = 0 in Equation (1-21). This can be shown to be true in all cases discussed in 
this Appendix by making a simple transformation of the variables, e.g., u* = u - v\, v* = v - »j. 
For convenience, in the derivations in this Appendix we will first assume vi = 0 and then gener- 
alize the result to apply when vi is a constant. 

The remaining problem is to find the inverse transformation of 

_ ui cosh q-C 
u = f  . 

pcoshqf  +Mqsinhqf 
(1-34) 

Tables are inadequate for this purpose, so the Inversion Theoren., Equation (1-11), must be used. 

For convenience, we divide both sides of Equation (1-34) by ui and divide the numerator and 
denominator of the right hand side by cosh q ■' . Then 

+i°°       eP1 dp 
p + Mq tanhq« u"° ' 

We now find the values of p which make the denominator of the integrand zero and then find 
the residues of the integrand at these values of p. When p = 0, then q = Vp/D = 0, also. The de- 
nominator will be zero for p = 0 and for additional values of p which make (1 + Mq/p tanh q^) 
equal to zero. McLachlan, in Chapter III of reference 44,  has a good discussion of the evaluation 
of such integrals. The integrand is of the form f(p)/pg(p) and its singularities are simple poles. 

For this discussion, the formula which applies is 

1    ry+i«°f(p)dp    f(0)     y f(am> n ,„. 
Wiy-i«    pg(p)      g(0)   m=l amg' (am) 
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where 

From Equation (1-35), 

f(p) = ePt 

dp *» P=am 

and 

g(p) = l +^itanhq^ 

Since p = D q2 and M = —- , 

. .     t . SDq   ,     .     j    ,     S tanhq-t g(p) = 1+^tanhq"=1+r^- 

q-0     1 q—0 «V 3 15 

Also, S = \/l 

Therefore g(0) = 1 + 1/A , f(0) = 1, 

. f(0) A andi(ö) = rTy ^37) 

In the derivations which follow this one, it is much more difficult to evaluate f(0)/g(0). To 
show how an alternative method works, we apply it to arrive at Equation (1-37). 

Recalling Theorem XI as expressed in Equation (1-12), we note that 

M=limp^M=lim^ = ^. (i-38) g(0)    p_0      ux      t_oo  U!        U1 

At t = 0 there are ngUi + 0ns moles of isotope. Ast^00, u—v-*u(°°) and there are (ns + rujuf00) 
moles of isotope. Since none of the isotope is formed nor destroyed, 

ngUi - (ns + iig) u(«) 

u(»)        ng ng/ng A 
Uj       ns + ng     ng     rig      1 + A (1-39) 

We see that Equation (1-39) is the residue of the integrand of Equation (1-35) for p = 0. 

To find the zeroes of g(p), set 

p + Mq tanh q f = 0 (1-40) 

72 



With 

and 
2D p = q 

vr-SD      D 

Equation (1-40) is satisfied when 

tanh q-C = - X q< (1-41) 

For convenience, we can convert to circular functions by recalling the identity: tanh ix = 
itanx and by setting q = i qn ■ 

tanh i qnt = -i qnX-t 

itan qn£ = -i qn X-t 

tan qnl = -qn \l 

Define qa = qn K, , then 

tan qa - - qa X (1-42) 

Equation (1-42) gives the values of qa at which we must evaluate 

E 
a=l 

f(p) 
Pg' (p) 'JQa 

From Dq^ = p, it follows that 

dp        1 
dq     2Dq 

Calculations are simplified if we note that 

d     . . d     . . dq    q   d    . 
PdFg(p)=Pdq-g(p)dF=2dig(p) 

pdTg(p)=U6(Dq2) 

When the differentiation is performed and terms collected 

pfciM-Htt-i-iPqOÄ* 

(1-43) 

With the substitution tanh q ' = tanh i qa = i tan qa = - iqa X, then 
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Also, f(q) = e-Pt = e^t = e    l 

Therefore 

-Dqft 

u 
00               t 2 

A       _   v      e    * 
-  + 2A Li     9    O 
1 + X         a=i q, A2 + A + 1 3. 

The solution is often presented in an alternative form in terms of Mt/Ma 

M(. _ mass of isotope which has left the gas after time t 
M»       mass of isotope which would leave gas as t— °° 

_Vi-y(t) 
ngul " ngu(°°) 

ul 

1 -u(oc) 

" ul 

-^— is given by Equation (1-41) and = ^  from Equation (1-39). 

Therefore, 

1     **> 
Mt ui 

(1-44) 

(1-45) 

(1-46) 

M«, A 
1+X 

= 1 + A - (1 + A)^ (1.47) 

2 Dt 
"qa^2 

Mt      ,     v   2A (1 +A) e 

The qa's are the positive non-zero roots of the equation tan qa = -q^A. This form of the solution 
is shown on page 53 of reference  4. 

I. 3 DIFFUSION FROM A LIMITED VOLUME OF A WELL-STIRRED FLUID INTO A PLANE 
SLAB   (EQUILIBRATION AT THE SURFACE PROCEEDS AT A FINITE RATE.) 

Much of the discussion of Section I. 2 applies to this case.  If u = enrichment in the gas 
and v = enrichment in the solid, then 

92v      1   9v 

when 0<x£f and t > 0, and 

3u        SD 9v 
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when x = i and t = 0. 
When x = 0 and t > 0 

5-0, (Ml, 

when t = 0 

tt-ttjj (1-52) 

when 0<x<l and t = 0 

v = 0; (1-53) 

and when x = I and t > 0 

K(u-v) -D-^=0. (1-54) 

Since it was shown in section I. 2 that vj may be set equal to zero with no loss in generality, 
Equations (1-49) to (1-53) are valid tor the reasons presented in the previous section.  Equation 
(1-54) needs further justification. If Equation (1-54) is solved for D(9v/8x) and that value is in- 
serted in Equation (1-50), we obtain 

when x ■ I and t > 0. 

This equation merely indicates that the rate of decrease of enrichment of the gas is directly 
proportional to the surface-to-volume ratio, is directly proportional to the instantaneous difference 
between the enrichment of the gas and the enrichment of the surface of the solid exposed to the gas, 
and is inversely proportional to n /ns.  K is a proportionality constant with the dimensions cm/sec. 
Equation (1-54) or (1-55) is regarded as representing a reasonable assumption. Haul, Dtfmbgen, 
and Just^ preseiii. a kinetic derivation of Equation (1-54). 

The solution of Equation (1-49) through (1-54) proceeds along familiar lines.  The transform 
of Equation (1-49) with v^ = 0 and q2= p/D is 

d2v 

dx2 
q'Jv = 0. (1-56) 

From Equation (1-7) we have 

v = A sinh qx + B cosh qx (1-57) 

^ dv    „   .,      dv    „ 
From -r— = 0, then -r- = 0; 

dx dx 

and, as before, A = 0 if this condition is to hold.   So 

v = B cosh qx (1-58) 
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X 3u 3v 
Equation (1-50) may be rearranged to — — + D — = 0 

O  ot OX 

dx 
and transformed to — [pu - u(0) ] + D <|^" 0,  or 

X    _        dv     Xul 
spu+Dd7 = -s~ (1-59) 

where x = I and t > 0. 

Equation (1-54) transforms to 

K(u-v)-D^=0 

where x =-6 and t > 0. 

(1-60) 

If v = B cosh qx and dv/dx = qB sinh qx are inserted in Equations (1-59) and (1-60), we get, 
after gathering terms in ü and B, 

\l±Z +(Dqsinhq^)B=^ 

' Ku   -   (K cosh q-f + Dq sinh ql) B = 0        1 

By Cramer's rule 

Xuj 
Dq sinh q-t 

0      - (K cosh ql +Dq sinh q-t) 

-^5. Dq sinh ql 

K     - (K cosh q-f. + Dq sinh q-t) 

K cosh q^ + Dq sinh q-t 
7       KS\ 

Kp cosh q I + (p + —) Dq sinh q \ 

KS 
Define N =——. Divide numerator and denominator by cosh q-C. 

A 

K+Dqtanhqf 
u1      Kp + (p + N) Dq tanh q-f 

To find u/ui, the Inversion Theorem, Equation (1-11) must be used. 

u       1     ry + i°°   ept (K + Dq tanh qI i dp 
"Ü7 ™ 2u i -' Kp + (p + N) Dq tanh q^" 

y -i°° 
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There are singular points of the integrand for p ■ 0 and for values of p that satisfy 

tanh q^ = 
Kp 

(p + N) Dq 
(1-64) 

The integrand is of the form f(p)/p g(p) and the treatment of section I. 2 applies. By the same 
arguments that led to Equations (1-38) and (1-39), the residue for p = 0 is X/(l + X). 

For the zeroes of g(p), we start with Equation (1-64), and proceed to circular functions 
through the identity: tanh ix = i tan x and by use of the definitions q = iqn = i qaS. We find that 

tanq   = 
— q2 

a    X 

The quantity DS/K is an important dimensionless ratio which is designated Q.  If we designate 
T = Qq2 - 1/X, the auxiliary equation may be written 

tanqa = 

"t-i 
'a 
T 

(1-65) 

To evaluate the residues for p/Owe need 

p5p 
K + (p + N) — tanh q-E 

P 

From Equation (1-43), this is equal to 

2 dq 
K +   3        tanh q< 

When the differentiation is performed, 

q 
P g' (P) = • 

Dq2 +N 
(1 - tanh'5 CLI) i +(tanhq^ ) 

Dq^ N 
(1-66) 

With the various substitutions, 

q = iqn = iqaS 

and 

lanqa=Y 

q< =iqa 

KS N = T 

one can arrive at 

Pg'(p) = ~2f T + q. + T + - a X (1-67) 
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The algebra for these steps is quite tedious. One should make every effort to identify such 
dimensionless groups as Q, N,  T, etc. and carry them through the manipulations. 

Similarly, 

f(p) ■  (K + Dq tanhq-t) ept 

Al 
K + (DiqaS) 

Dq2t 

2 Dt 
K      "% ,2 

f(p) = -— e 

,2 m 
f(p)     _X   e        « 

Pg'(p)     T2+q2 + T+f 
A. 

We complete the inversion of u by evaluating the series indicated in Equation (1-36). 

(1-68) 

(1-69) 

I £ 

2 Dt 
"qa,2 

ui     1 + X     A a = i      9       2     _     2 
(1-70) 

By use of Equation (1-47), this result may be expressed as 

ML= , . 2(1+A)   2 

2Dt 
-1a72 

(1-71) 

Mo, a = 1   T2 + q|+T+{ 

In Equations (1-70) and (1-71), the qa' s are the non-zero, positive roots of 

tan q 
qa 

a    T 
Qq2-f 

a    A 

If one substitutes Qqa - lA for T, expands,  and collects terms,  Equation (1-70) reduces to Equa- 
tion (11) of the article by Haul,  Dümbgen, and Just. 

One of the reasons for carrying out the derivation in section I. 2 is that it represents the 
limiting case of I. 3 as K — «.  This provides useful checks on the algebraic manipulations. For 
example,  Equation (1-62) may be rewritten as 

1 + = tanh q-f 
u K 
ui /        KS \   Dq .     ,     , 1     p+ (p + —)   ^ tanhqi 

Lim       u 
K — » u p + P?Stanhq' 

(1-72) 
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Equation (1-72) is identical with Equation (1-34) of section I. 2. Similarly the equation for 
tan q   and the equation for u/uj in section I. 3 are reduced to their counterparts in section I. 2 as 
K — °° (or as Q — 0). 

I, 4 DIFFUSION FROM A LIMITED VOLUME OF WELL-STIRRED FLUID INTO A SPHERE 
(INSTANTANEOUS EQUILIBRIUM AT THE SURFACE IS ASSUMED) 

Assume that a sphere of radius a is immersed in a limited volume of well-stirred gas which 
is enriched in an isotope of element O. This isotope is to diffuse into the solid sphere and displace 
a different isotope of the same element. We wish to derive a mathematical expression for the en- 
richment of the gas as a function of time.  Most of the quantities used have been defined in sec- 
tion I. 2, and much of the preliminary discussion of that section applies to this case, also. 

In general coordinates,  Fick's second law may be written 

Jr = Dv2C (1-73) 
at 

It is assumed that D is constant. 

If the center of the sphere is chosen as the center of a system of spherical coordinates, and 
if C exhibits radial symmetry in the solid, then Equation (1-73) may be written 

^ + 2ac.l3C = 0 (I.74) 

3r2     r   9r     D   3t v       ; 

where 0 < r s a and t > 0. 

By the arguments that led to Equation (1-14), Equation (1-74) reduces to 

^IglJ.O (I.75) 
gr2     r   3r    D at K       ' 

where 0 £ r £ a and t > 0.    Also, 

(1-76) 
3u _    DS 3v 
at " " x   ar 

where r « a and t > 0 

"g Here, X = — still, but 
ns 

A    4tf a2 

S"V~4     3 
V* 

_3 
a 

Further, when r = a and t > 0 

u = v; (1-77) 

when t = 0 

u=ui; (1-78) 
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when 0 S r s a and t = 0 

v = 0; (1-79) 

and when t 2 0 

v is finite at r = 0. (1-80) 

To start the solution for this case, note that 

a2(rv)     1   a(rv) 
8r2       D    at 

0, (1-81) 

where 0 ^ r ^ a and t > 0, is equivalent to Equation (1-75). This can be established by carrying 
out the indicated differentiations. 

The transform of Equation (1-81) is 

't=on 

(1-82) 

d2(r v) 

dr2 

1 
" D 

p(rv) 

d2(rv~) 

dr2 
-q2(rv) = 0 

2      P where q   =-jj> 

The solution to this familiar equation is 

(rv) = A sinh qr + B cosh qr 

For r ■ 0, v was assumed to be finite.  At that point, v is finite also and rv = 0 

0 = A sinh 0 + B cosh 0 

when r = 0. 

Since cosh 0=1, to satisfy the boundary conditions we must have B = 0. 

r v = A sinh q r 

—      A 
V = - 

r 
- sinh qr 

dv_ 
dr 

r q A cosh q r - A sinh qr 
r2 

Next, transfor m Equation (1-76): 

pu - m-1 dv 
dr 

when r = a 

(1-83) 

(1-84) 

(1-85) 
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Since u(0) = Uj and 3 = v at r = a, 

DS dv Pv-ux=-T 3J- 

when r = a. 

Insert v and dv/dr from Equations (1-83) and (1-84), expand, and collect terms. 

A = /p DS_\ ~   ^   ~~ (x-86) 
I"x3   slnh^ + T7coshqa 

U = V 
A      ■    u = — sinh qa 

r=a     a 

sinh qa 
a       /p     DS \      . . DSq 

'_ jH    sinh qa + —— cosh qa 
a    Xa2 Xa 

This can be reduced to 

u X 
ui       /        DS\ 

(^pX J + DSq coth qa 
(1-87) 

The next step is to find— from Equation (1-87) by application of the Inversion Theorem. 
ul 

1       y + i°° ,   pt, 
r  Xey  dp  

/         DS \ 
y - i°°        (p\ J + DSq coth qa 

JL„_L f 
U,        2771  J     . 
i y -1° 

(1-88) 

The denominator is zero for p = 0 and for values of p that satisfy the equation 

tanhqa=    "D^g (1-89) 
PX-_ 

(We have chosen to write Equation (1-89) in terms of tanh qa = 1/coth qa.) The process of inver- 
sion proceeds in a way very similar to that for Equations (1-35) or (1-63). 

As in the previous cases, the residue for p = 0 is X/(l+X). Equation (1-89) is converted to 
circular functions for convenience.  Use of S = 3/a leads to 

3qa 
tan qa = -=  (1-90) 

qax + 3 

We must sum the values of 

f(p) 
,    ,  for the values of qa from Equation (1-90). 

P g IP) a 
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pdp^(p) = pdp 

2   dq 

(x-H) 
\       aD ' 

DS \   , DSq - coth qa 
ap ' p 

*-:5) DS \      DSq 
,   +—f cothqa 

a2q2 

aDq" '       Dq' 

9    9 9 
2 + q* a^ (1 - coth   qa) - qa coth qa 

From Equation (1-90) and by use of the identity coth ix = - i cot ix, we have 

coth qa = - i 
q|\ + 3 

qa was defined so that coth qa = coth iqa. 

When Equation (1-92) is inserted Into Equation (1-91), the result is 

q2 A2 + 9A + 9 
d    , \     1 

Pdp~g(p) = 6 

Also 
f(p) = A ePl; 

a 
2   » 

f(p) = Ae    a a2 

(1-91) 

(1-92) 

(1-93) 

(1-94) 

Evaluation of the series indicated in Equation (1-36) leads to 

2 Dt 

+ £ 6Ae 
la a2 

ul      1+A    a = l    q2A2 + 9A + 9 
(1-95) 

If vj ^ 0 then we replace 

u  w   u - vl 
— by  
ul       ul"vl 

By application of Equation (1-47),  Equation (1-95) may be written in the familiar alternative 
form 

-q 
M 
i-i-S 6A(1 + A)e 

!2>2 

2 Dt 
a ,2 
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For Equations (1-95) or (1-96), the qa's are the positive, non-zero roots of 

3qa 
tan qa = ~2 ^ q|x + 3 

Equation (1-96) is the form of the solution which is given by Crank on page 88 of reference 4. 

Appendix n presents a digital computer program for evaluating Equation (1-96). A table of 
computed values and a convenient graphical presentation of the results are included. 

I. 5 DIFFUSION FROM A LIMITED VOLUME OF WELL-STIRRED FLUID INTO A SPHERE 
(EQUILIBRATION AT THE SURFACE PROCEEDS AT A FINITE RATE) 

Assume that a sphere of radius a is immersed in a limited volume of well-stirred gas which 
is enriched in an isotope of element O. This isotope is to diffuse into the solid sphere and displace 
a different isotope of the same element. We wish to derive a mathematical expression for the 
enrichment of the gas as a function of time. It is assumed that isotopic exchange at the surface 
of the sphere proceeds at a finite rate. 

This case is mathematically similar to that discussed in section 1.4, but Equation (1-77) 
must be replaced by Equation (1-54) from section I. 3. 

The set of equations to be solved is: 

32v     2 3v     1 8v 

where 0 s r < a and t > 0, and 

(1-98) 
3u_ 
3t 

DS 9v 

when r = a and t > 0. 

When t = 0 

u = u1: » 

when 0 s r ^ a and t 

v = 0; 

= 0 

and when r = a and t : > 0 

(1-99) 

(1-100) 

K(U-V)-D|P<>. (1-101) 

The arguments that led to Equations (1-83) and (1-84) still apply, so that 

v=— sinhqr (1-102) 

dv    rqA cosh qr - A sinh qr 
ä~r = — r2  (1-103) 
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Transform Equation (1-98), with v(0) ■ vi, and transform Equation (1-101) to give 

Ap — . „ dv     A 
^+Dd7^/ 

r = a  and t > 0 (1-104) 

Insert v and dv/dr from Equation (1-102) and (1-103) into Equation (1-104). Set r = a, and 
collect terms in ü" and in A. 

pA_   /Dq       . D    . .      \     .     ^1 i 
^u +^—coshqa -^2~sinh qaj   A=g j 

Ku + 
/ D     K\   .  , Dq 
I ~2 Jsinh qa cosh qa 
^a*     a/ 

By application of Cramer's rule 

A ui 

.,( 

EL 
a2 

12- 
K 

(qa cosh qa - sinh qa) 

Ka 
qa cosh qa + [—■ - 1J sinh qa 

pA 
~ (qa cosh qa - sinh qa) 

o 

qa cosh qa + ^— - 1)   sinh qa 

(1-105) 

(1-106) 

This may be written as 

qa cosh qa + (-—- - 1 j   sinh qa 

Ul      (p + x)qa cosh qa +   p ( D~ " ')   " 
KS 

A 
sinli qa 

(1-107) 

Since a =—, 
B 

Ka 
D VDS        I 

The quantity DS/K is an important dimensionless group, which is designated by Q. We also 
define N so that 

■•«-«)•<*-») 
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With these substitutions, and after division of numerator and denominator on the right by cosh qa, 

ü qa + N tanh qa 

U1      (p+-r)qa + (pN-lr) tanhqa 

Application of the Inversion Theorem, Equation (1-11), leads to 

(1-108) 

u  _    1     ry+i 
u7 ~"27JT J 

ePt (qa + N tanh qa) dp 
,     27Ti J  .        I       KS\ / KS\ 1 y-i»    (P + — jqa+ (^pN - — j tanh 

(1-109) 
qa 

The inversion proceeds as in the cases discussed earlier in this Appendix. The integrand 
has a singularity at p = 0 and the residue at that point is X/(l + X). 

Since p = Dq2, the other singularities occur when 

(„>♦?),. 
tanh qa = - - (1-110) 

Dq2 N 
KS 

By using the identity: tanh ix = i tan x and defining q = iqa S/3 , we can pass to the equivalent 
condition in terms of circular functions, 

tanqa 
Mx     9 4) 
i + QN   2 
A      9  4a 

(MID 

It is convenient to define 

and 

so that 

E-1     Qa2 

„ - 1     QN   ? F = — +:?^q<! 

" X       9   4a 

tanqa 
qaE 

(1-112) 

(1-113) 

(1-114) 

In evaluating the residues of the integrand, pg' (p) corresponds to 

KS\ qa    1 /  „    KS\ d 
dp 

2 dq 

(p + x) Vp(pN-x)tanhqa 

^2 + ?^vKN-?)^^ 
Similarly, f(p) corresponds to 

(qa + N tanh qa) ePt 

= q ( g + — tanh qa) e** 
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Therefore—TTT corresponds to 
Pg   (P) 

2(| + - tanh qa) ePt 
\S    q ' 

£?<P*-f) ♦{ (M-flx) (1 -tanh2qa) + ^ tanh qa (1-115) 

From the identity: tanh ix = itanx and Equation (1-114), 

E 
tanh qa = tanh i qa = i qa — . 

When the substitution is made for tanh qa in Equation (1-115) we find that the term to be 
evaluated at each value of qa is: 

2qa
2 ePt «a 

»(^4) ♦!•♦**.■ 

2 Dt    .. 
Since pt -= -qa-2 i then 

2 fit 

u_  _^_ ± £        ih *a  
Ul - 1 + A + 3A a=1     (5 Q + 1) + F2       2 E2 . 2E (I"U6) 

v—9~~   A' *a A 

By applying Equation (1-47), this solution can be put in the alternative form: 

2 JB .   "«SS 
_Mt.= 1.2(liA) E         5a^__ 

q*Q   i^   ^9     2        "^ M~ 3A      a=lF(q|Q+I)+F2 + q2E2.2E 

The qa's are the non-zero, positive roots of 

n<!a = q 
E 

a F 

E = 
I 
A " £q2 

9 4a 

F : 1 — + 
A 

QN   2 
-^-qa 

N E 
3 
Q" 

1 

Q: 
DS 
K 
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If we make all of the indicated substitutions in Equation (1-117), multiply, and collect the 
coefficients of powers of qa   the result is 

£       aa±x)S        e n   _ r-T- d-118) 
M» 3X     a=l tfä>-«2(!-3-£)♦(*♦*) 

As K-"*8! then Q —0 and Equation (1-118) should reduce to the case for equilibrium at the 
surface of the sphere. Equation (1-118) does reduce to Equation (1-96) under these circumstances. 

Equation (1-117) has been programmed for high-speed digital computation. The program is 
shown in Appendix IV. Equation (1-117) contains too many parameters for convenient tabulation 
of numerical values, but some information on its behavior also appears in Appendix IV. 

I. 6 SOLUTIONS WHICH ARE VALID FOR SMALL VALUES OF THE TIME 
• • 7 Haul, Dumbgen, and Just    state,  without derivation,   two approximate diffusion equations 

which are useful if the elapsed time is short enough.  Their Equation (13), if applicable, would be 
particularly valuable in supplying approximate values of D and K. Such values could be tested for 
agreement with experiment by making computations with the exact solutions. 

The equations of Haul,  D'dmbgen, and Just were rederived and examined for applicability to 
our measurements. 

Diffusion From a Limited Volume of Well-Stirred Fluid Into a Plane Slab (Equilibration at the 
Surface Proceeds at a Finite Rate) 

We start with Equation (1-62).  It is pointed out in various texts on Laplace transforms, that 
with the proper restrictions on x(t) and x(p) then, 

lim   p x(p) = lim x(t). 
p^co t—0 

With this in mind we examine the behavior of Equation (1-62) for values of p large enough to make 
(tanh q I ) -»1.  Under these conditions 

K + Dq 
Uj     Kp + (p + N) Dq 

1/2 

(1-119) 

From the definition, q = 
Dl/2' 

1/2        K 

P       + D1/2 (1-120) 
ul 1/2 / K        1/2     KS\ p/  (p + Di72" p     +

T) 

The denominator will be zero for p = 0 and for 

P 

K   ^   /K2 _4KS 
1/2        V~D       V    D "   \ 

2 

2/D     2/D   V KX 
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10=   fi-^r, 
K 

2/D a"U" 

(1-121) Ul     ^[^t.a.»]   [p1/2 * a (1 + ft] 

Since the transform for (p '2 + a)     is available from Table   16,   this expression for— can 
be inverted by the partial fraction technique. » 

■a(l - ft + 2a 
ui      [-«(1 -ßj\   [-a(l -ft + a(l+ft]' pl/2 + a (1 _ ft 

 - a(l + ft + 2 a     1  
+ [- a(l + ft]    [- a(l + ft + a(l - ft]" pl/2 + a (i + ft 

+ a third term associated with the residue at p = 0.  This is ruled out because 
it was assumed that p > > 0. (1-122) 

By use of the table of transforms, 

JL . _><* + <*/3 + 2a)[-a(l -ft] _ 
U!     [- a(l - ß) }(-a + aß+a + aß)     eerlcl^      « a    M 

{-a - aß + 2a) [ - a(l + fl) 1 ...       „.       „. 
+ I— ,, ^ f^i/ ^-^T ^-^    eerfc     1 + ft a /t [ - a(l + ft ] ( -a - aß + a - aß) LV        " ' 

£■'¥£ eerfc    ft1 -ß)«^l Uj *P 

--^- eerfc  [(1 + ft a f£\ (1-123) 

1 
Some terms involving   ,—- have been omitted because they rapidly become negligible as t increases. 

The potential usefulness of Equation (1-123) Is made apparent if we solve for D and K in terms 
of a and ft 

I   K = 2a/D 

4DS 
f    K = A(1-^ 

From these equations, 

2S 
J (1-124) 
f   K=2ai 

Therefore,  if we are able to match the experimental values of u/uj as a function of t with a 
set of values of u/uj calculated by assigning specific numerical values to a and ft then we can 
arrive at approximate values of D and K for the experiment. 
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To find the range of times for which Equation (1-123) represents a good approximation to 
Equation (1-117), we can proceed as follows: 

From the definition of Q, 

DS = 3D 
Q     aQ' 

3 V~D 
Insertion of this value of K into the definition of a leads to a =— —— 

r-        3      vT5t 
Thus,  cWt = 2Q —    or 

("T)   =f Q(a/T) (I"125) 

On the basis of the above considerations, we can compare Equation (1-123) with Equation 
(1-117) by the following steps: 

1. Choose values of X and Q 
2. By using Equation (1-117) calculate a set of values of M^/M.^ corresponding to a set of 

values of (Dt/a2)1/'2 

3. From the chosen A and Q, calculate ß. 
4. Given ß, calculate values of u/uj corresponding to a set of values of (avT) 
5. Calculate a set of values of 

Ä.(fX)(l-H.) 
Moo V        ui 

6. For each value of (avT) calculate 

(§)1/2 = f^ 
7. For a given value of (Dt/a ) *" compare the values of Mf/M» calculated from the two 

equations. 

The results of such a comparison are discussed in Appendix HI. 

Diffusion From a limited Volume of Well-Stirred Fluid Into a Sphere (Equilibration at the Sur- 
face Proceeds at a Finite Rate) 

This derivation starts from Equation (1-108), which may be rewritten as 

- qa + f— - l)   tanh qa 
(1-126) 

Again,  assume that p is large enough to make (tanh qa) -» 1. 

3 pl/2 
If we substitute a =— and q =    . js > tnen 

S Di/<2 

3P1/2+3KI 

-                         SD1/'2     SD 
ul      /       KS\ 3p1/2          /3K -DS\ 

(pf*)^T72+p(    DS    ) 
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1/2     Li _ S/ö) 

^       3   I (1-127) Ul     ^^(fe-^^f?)-^ vT)       3      ' v   *' 3A 

Since the denominator can be considered to be a cubic in p1'   , the denominator will be zero 
for p1'2 = zi, Z2,  Z3 where the z's are the roots of 

Z   +Z    l/D"   3     ^ + Z^T;-^^=° 

A partial fraction expansion resolves the transform into three terms. 

If X = ( 
_/_^     S^D 

then 
vT) "    3 

u Zj + X 1 
uj    (z1 - z2) (zj - z3) pl/2 . Zl 

z2+X 1 

(Z2   - Zj)  (Z2   - Zg)    pl/2   .  Z2 

Zg   t X 1 

(Zg   -   Bj)   (Zg    -   Z2)      pl/2   .   zg 

1        i 1/2 
The inverse transform of   ; ,_ is  ,—-- a eerfc (at '   ) 

pl/2 + a      Vnt 

Therefore, 

„ zl (zi + X) 
— = , r-j ; eerfc (-z, Vt) 
ul    l*l - z2) (zl " z3> 

z2 («a + X) 
+ -; r-. r  eerfc (-zovt ) 

(z2-z1)(z2-z3) z 

z3 (z3 + X) 
eerfc (-zgV t) 

(1-128) 

(Zg - Bj) (zg  - Z2) 

+ 7= (1-129) 

For useful values of t, the last term usually is negligible. 
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APPENDIX II 

COMPUTATIONS OF DIFFUSION FROM A LIMITED VOLUME OF 
WELL-STIRRED FLUID INTO A SPHERE 

In the computation of diffusion from a limited volume of well-stirred fluid into a sphere,* 
the sphere is assumed to occupy the space r < a, which is immersed in a bath of solution with 
volume V (excluding the space occupied by the sphere).   Further assumptions are that the sphere 
is initially free from solute and that the concentration of the solute in the solution is always uni- 
form and initially C0-  Equation (n-1) expresses the total amount of solute, Mj, in the sphere at 
time, t, as a fraction of Moo, the corresponding quantity after infinite time;4,47 

-Z^x 
Moo n 

t     ,      -p   6 a (a + 1) e 
MT * " £,    9 + 9a + Z2a2 (K-1) 

where a is the ratio of the volumes of solution and sphere divided by the partition factor, Y: 

3V 
01 ~ (4TT a3 Y) 

(n-2) 
Dt 

a^ 

and Zn is the n-th non-zero root of the equation: 

G(Z) = tan Z - -   ™ g2 (R-3) 

D is the diffusion coefficient of the solute in the sphere. 

Equation (II-4) expresses a in terms of the final fractional uptake,   F, of the solute by the 
sphere. 

Moo 1 

As the value of Mj/M,» decreases, the number of terms required increases rapidly.  It is then 
preferable to use an alternative solution,  Equation (II-5), the Carman-Haul approximation,   which 
is a series of error functions suitable for numerical evaluation at small times, 1. e. , small 
values of Mj/M^. 

♦Instantaneous equilibrium at the surface is assumed. 
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M  = (l + a) »-(=?=) "*t*(*ri* \Y1 + 72 

y2     \ ./.•/« 
eerfc I-3 yo" 

a 

(n-5) 

+ (higher terms) 

where y\ = [(1 + 4Ö/3)1 2 + l]/2, y% = yj - 1, and eerfc y = (exp y2) (erfc y). 

An IBM 7090 program was written to determine the extent of agreement between the exact and 
the approximate equations and in what regions, if any, the approximate calculations are invalid. 

COMPUTATIONAL PROCEDURE 

A ß is calculated: 

This value is then compared with a values obtained from the root table in Crank.^ By interpolation, 
a first estimate of the root corresponding to the calculated ß is determined. This root value is 
placed into Equation (II-3) and examined to see if the result is sufficiently close to zero, i.e., 
^10/-5. If not, Equation (II-3) is solved by Newton's method, i.e., by successively computing 

(m) _    (m-1)     GZn
m-1) ,    m 

until F(Z) becomes sufficiently close to zero. 

G- (Z) = sec2 Z - -flpj ♦ -^f^Z (II-7) 

Equation (II-l) now can be computed by solving the summation equation for values of Zn over 
the range 1 to NM, an input value, then subtracting this summation from 1. Equation (II-5) is 
solved by placing the value ß for a into the Carman-Haul equation. 

SUMMARY OF NUMERICAL RESULTS 

In Table 16 the sorption fraction given by the Carman-Haul approximation for spherical 
geometry is compared to six significant figures with the exact solution given by Wagner and by 
Crank. The comparison was made for 0. 0001 S Dt/a2 * 0.64 and 0.1 a F S 0.9 where D is the 
diffusion coefficient, t is the time, a is the sphere radius, and F is the fractional solute uptake 
by the sphere in an infinite time. The Carman-Haul approximation is accurate to five significant 
figures for 0.1 & F S 0.75 and 0. 0004 < Dt/a2 < 0. 09. 

For values of Dt/a^ <0. 0004, the results of the exact equation are not accurate unless more 
than 50 roots are used for the computation.  For values of Df/a2 > 0. 09 and 0.1 < F < 0. 75, the 
deviation between the exact and approximate solutions increases and the exact equation is pre- 
ferred for reliability.  For F > 0. 75, the approximate solution becomes either unreliable or 
gives nonphysical results, i. e., M{ Ma- > 1; therefore, the use of the exact equation 18 essential. 
The regions of agreement and disagreement are mapped out in F;jrure 24.  Figure 25 is a large- 
scale plot of the computed values. 

92 



TABLE 16 

COMPARISON OF Mt/M    COMPUTED FROM THE EXACT AND THE APPROXIMATE EQUATIONS 

F = 0. i F = 0.15 F 0.20 F = 0.25 
(Dt/a2)1/2 Exact Approx. Exact Approx. Exact Approx. Exact Approx. 

0.01 - 0. 037170 - 0. 039289 - 0. 041664 - 0. 044344 
0.02 0.073463 0. 037170 0.077519 0. 039289 0.082049 0. 041664 0.087141 0. 044344 
0.03 0.108890 0. 037170 0.114711 0. 039289 0, 121189 0. 041664 0.128442 0. 128441 
0.04 0.143461 0. 143462 0.150885 0. 039289 0.159116 0. 041664 0.168294 0. 128441 
0.05 0.177189 0. 143462 0.186059 0. 039289 o. 195860 0. 041664 0.206745 0. 128441 
0.10 0.333520 0. 143462 0.347575 0. 039289 0.362838 0. 041664 0.379467 0. 128441 
0.15 0.470213 0. 470214 0.486679 0. 039289 0.504264 0. 041664 0.523075 0. 128441 
0.20 0.588346 0. 470214 0.605200 0. 039289 0.622912 0. 041664 0.641526 0. 128441 
0.25 0.688864 0. 688865 0.704708 0. 039289 0.721093 0. 041664 0.738019 0. 128441 
0.30 0.772597 - 0.786540 - 0.800732 - 0.815142 - 
0.35 0.840296 - 0.851868 - 0.863456 - 0.875018 - 
0.40 0.892827 - 0.901899 - 0.910830 - 0.919581 - 
0.45 0.931538 - 0.938251 - 0.944741 - 0.950980 - 
0.50 0.958453 - 0.963136 - 0.967578 - 0.971761 - 
0.55 0.976068 - 0.979146 - 0.982006 - 0.984642 - 
0.60 0.986918 - 0.988824 - 0.990557 - 0.992117 - 
0.65 0.993215 - 0.994327 - 0.995314 - 0.996182 - 
0.70 0.996661 - 0.997272 - 0.997802 - 0.998255 - 
0.75 0.998441 - 0.998758 - 0.999025 - 0.999247 - 
o.eo 0.999309 - 0.999464 - 0.999591 - 0.999694 - 

F = o.: SO F = o.; 35 F = o.. 10 F = 0.45 
(Dt/a2)1/2 Exact Approx. Exact Approx. Exact Approx. Exact Approx. 

0.01 _ 0, ,047393 _ 0 .050892 - 0 ,054949 - 0. 059708 
0.02 0.092908 0, ,092906 0. 099487 0 .050892 0.107070 0, 054949 0.115903 0. ,059708 
0.03 0.136616 0. .136615 0.145896 0 .050892 0.156527 0. ,054949 0.168823 0 , 059708 
0.04 0.178592 0. ,178591 0.190224 0 .050892 0.203470 0 .054949 0.218686 0. ,059708 
0.05 0.218904 0 .218902 0.232568 0 . 050892 0.248039 0 .054949 0.265692 0 . 059708 
0.10 0.379648 0 .397646 0.417593 0 .050892 0.439563 0 .054949 0.463861 0 . 059708 
0.15 0.543228 0 .543227 0.564846 0 .050892 0.588067 0 .054949 0.613034 0 .059708 
0.20 0.661087 0 .661085 0.681628 0 .050892 0.703184 0 .054949 0.725769 0 . 059708 
0.25 0.755476 0 .755475 0.773439 0 .050892 0.791876 0 . 054949 0.810734 0 . 059708 
0.30 0.829732 - 0.844449 - 0.859233 - 0.874007 - 
0.35 0.886508 - 0.897867 - 0.909036 - 0.919943 - 
0.40 0.928110 - 0.936369 - 0.944312 - 0.951889 - 
0.45 0.956937 - 0.962582 - 0.967887 - 0.972822 - 
0.50 0.975670 - 0.979289 - 0.982607 - 0.985614 - 
0.55 0.987048 - 0.989222 - 0.991163 - 0.992874 - 
0.60 0.993506 - 0.994729 - 0.995790 - 0.996698 - 
0.65 0.996934 - 0.997577 - 0.998119 - 0.998569 - 
0.70 0.998637 - 0.998954 - 0.999212 - 0.999420 - 
0.75 0.999429 - 0.999575 - 0.999691 - 0.999780 - 
0   HO ., '■ to i rt 0. ."39838 - 0.999886 - 0.999922 - 

F = 0. 50 F = 0. 55 F = ' 0. 60 F = 0.65 
(Dt/a2)1  2 Exact Approx. Exact Approx. Exact Approx. Exact Approx. 

0.01 
0.02 
0.03 
0.04 
0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 
0.60 
0.65 
0.70 
0.75 
0.80 

0.126321 
0.183207 
0.236343 
0.286018 
0.490846 
0.639893 
0.749381 
0.829935 
0.888679 
0.930510 
0.959046 
0.977363 
0.988304 
0.994359 
0.997462 
0.998934 
0.999583 
0.999847 
0.999948 

0.065369 
0. 065369 
0.065369 
0. 065369 
0. 065369 
0.065369 
0. 065369 
0.749380 
0.749380 

0.138793 
0.200256 
0.257074 
0.309663 
0.520946 
0.668786 
0.773984 
0.849377 
0.903139 
0.940654 
0.965734 
0.981488 
0. 990676 
0.995628 
0.998092 
0.999225 
0.999707 
0.999897 
0.999948 

0.072215 
0.072215 
0.072215 
0.072215 
0.072215 
0.072215 
0.072215 
0.072215 
0.072215 

0.153989 
0.220783 
0.281747 
0.337493 
0.554660 
0.699837 
0.799505 
0.868921 
0.917261 
0.950285 
0.971904 
0.985181 
0.992733 
0.996692 
0.998602 
0.999452 
0.999801 
0.999933 
0.999979 

0. 080663 
0. 080663 
0. 080663 
0. 080663 
0. 080663 
0. 080663 
0. 080663 
0.080663 
0. 080663 

0.172909 
0.245961 
0.311582 
0. 370692 
0.592569 
0.733127 
0.825809 
0.888391 
0. 930900 
0.959313 
0.977515 
0.988434 
0.99448b 
0.997566 
0.999006 
0.999624 
0 999849 
0.999958 

• 999987 

0.091346 
0.091346 
0. 091346 
0.091346 
0.091346 
0.091346 
0.091346 
0.091346 
0.091346 
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TABLE 16 (Cont.) 

COMPARISON OF M./M   COMPUTED FROM THE EXACT AND THE APPROXIMATE EQUATIONS 

(Dt/a2)l/2 
F = 0.70 F = 0.75 F = 0.80 F = 0.85 

Exact Approx. Exact Approx. Exact Approx. Exact Approx. 

0.01 - 0. 105288 - 0.124244 - 0.151501 - 0.194013 
0.02 0.197105 0. 197104 0.229120 0.124244 0.273427 0.151501 0.338621 0.194013 
0.03 0.277550 0. 197104 0.318309 0.124244 0.372789 0.372788 0.448954 0.194013 
0.04 0.348348 0. 348347 0.394689 0.124244 0.454700 0.372788 0.534909 0.194013 
0.05 0.410916 0. 348347 0.460527 0.124244 0.522946 0.372788 0.603127 . 
0.10 0.635321 0. 348347 0.683589 0.124244 0.737946 0.372788 0.798587 - 
0.15 0.768661 0. 348347 0.806301 0.124244 0.845688 0.372788 0.886121 - 
0.20 0.852681 0. 348347 0.879806 0.879805 0.906743 - 0.932920 - 
0.25 0.907564 0. 348347 0.926176 0.926174 0.943920 - 0.960467 . 
0.30 0.943898 - 0.956087 . 0.967303 - 0.977394 - 
0.35 0.967648 - 0.975211 - 0.981935 - 0.987775 - 
0.40 0.982531 - 0.986930 - 0.990704 - 0.993863 - 
0.45 0.991246 - 0.993624 - 0.995590 - 0.997169 - 
0.50 0.995945 - 0.997135 - 0.998079 - 0.998805 - 
0.55 0.998267 - 0.998816 - 0.999233 - 0.999539 . 
0.60 0.999317 - 0.999550 - 0.999719 - 0.999838 . 
0.65 0.999752 - 0.999843 - 0.999906 - 0.999948 - 
0.70 0.999917 - 0.999949 - 0.999971 - 0.999985 . 
0.75 0.999974 - 0.999985 - 0.999992 - 0.999996 - 
0.80 0.999993 

F = 0.! 90 

0.999996 0.999998 0.999999 
■ 

(Dt/a2)l/2 Exact Approx. 

0.01 - 0 .269378 
0.02 0.443288 0 .269378 
0.03 0.561611 0 .269378 
0.04 0.645729 0 .269378 
0.05 0.707767 - 
0.10 0.864736 - 
0.15 0.926444 - 
0.20 0.957654 - 
0.25 0.975495 - 
0.30 0.986244 - 
0.35 0.992716 - 
0.40 0.996433 - 
0.45 0.998401 - 
0.50 0.999347 - 
0.55 0.999757 - 
0.60 0.999918 - 
0.65 0.999975 - 
0.70 0.999993 - 
0.75 0.999998 - 
0.80 1. - 
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Fig. 25 - Uptake by a sphere from a stirred solution of limited volume 
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PROGRAM PARAMETERS 

Input 

F - the fraction of the solute taken up by a sphere of radius a after an infinitely long 
immersion. 

NM        - the number of roots, Zn, to be determined for solving Equation (II-l). 
DELTA - tolerance on solutions to Equation (II-3). Z is taken to be a root if G(Z) ^ DELTA. 
SRX       - the initial value of (Dt/a2)1/2 for which Mt/M«, is to be computed. 
SRXS     - the maximum value of (Dt/a2)1'2 

DSRX    - the interval width between successive values of (Dt/a2)1/2. 

Output 

F 

Number of Roots 

Square Root of Dt/a2 

Exact Mt/M«, 

Approximate M^/M,*, 

ALPHA - corresponds to calculated /3-value 

Z - list of all roots calculated by program for solution of the exact equation 

X - value of Dt/a2 

GAMOJ 
UO - parameters used in calculation of approximate equation 
UT      J 

A copy of the FORTRAN program is shown in Table 17. 

97 



TABLE 17 

FORTRAN PROGRAM FOR COMPUTATION OF DIFFUSION INTO A 
SPHERE WITH INSTANTANEOUS EQUILIBRIUM AT THE SURFACE 

10 RtAO UIP F,SRXS.DSRX.NM,DELTA,SRX 
15 WHITE OUTPUT TAPE 3,5 
20 N-l 

M=l 
30 BfcTA=(l./F)-l. 

WHITE OUTPUT TAPE 3,2,BETA,F,NM 
WHITE OUTPUT TAPE 3,1 

40 DIMCNSION ALPHA!1000),ZO( 1000 ) ,FZ(1000),FZP(1000), 
IZM110C0),ZN(1C00) 

11 T4RLE ALPHA!10.0,9.0.4.0,2.3333,1.5,1.0,.6667, 
1.42H6,.25,.1111,0.0),Z0(3.1416,3.241,3.3405,3.465, 
23.5909,3.7264,3.0711,4.02 36,4.1811,4.3395,4.4934) 

44 00 47 K=l,11 
45 IFIBETA-ALPHAU) 147,46,48 
47 CONTINUE 
46 Z=Z0(K) 

GO TO 50 
48 AX = ALPHA(K-11-ALPHAIK I 

ZX=ZOiK)-ZO(K-l) 
BX=BETA-ALPHA(K ) 
Y=BX«ZX/AX 

49 Z=ZO(K)-Y 
50 FZ=SINF(Z)/COSF(Z)-5.*Z/(3.+BLTA*Z»*2) 

IFtABSFIFZ1-OELTA190,90,60 
60 F/P=(l./COSFIZ>»«2>-(3./l3.+BETA«Z»«2>> 

1+16.»BETA»Z»»2)/(3.+BETA«Z*»2)»»2 
65 ZM(M)=Z 

FZ(M)=FZ 
FZP!M)=FZP 

70 M=M+1 
80 ZM!M)=ZM(M-1»-FZ1M-11/FZPIM-l) 
85 Z=ZM(M) 

GO TC 50 
90 ZN(N)=Z 

WRITE   OUTPUT    TAPE3,6,ZN(N) 
95    II1N-NM) 100, 120,1C 

100   N=N+l 
PI = 3. 14159 

110   ZN(N)=ZN(N-1)+PI 
7=ZNIN) 
GC   TO   50 

120   X=SRX»»2 
140    SUM=0.0 

00    142   N=1,NM 
142    SUM=SUM+(6.»BETA»(BETA + 1. )*EXPF(-(ZN(M««2 )»X> I 

l/(9.+9.»BETA+(ZN(N)*»2)«BETA»»2l 
145   EM'l.-SUH 
150   GAMC=.5»(((l.+4.»PETA/3.)»».5)+l.) 
160   GAMT=GAMO-L. 
170   UO-I3.»GAM0/BCrA)»SRX 
180   Ul=(3.»GAMT/BErA)*SHX 

IF(!UC»»2)-88.028)190,185,185 
185 WKITE   OUTPUT    TAPE    3,9,SRX,EM 
186 GC   TO   205 
190   AV = t l. + HtlA)»(1.-( (GAKO/IGAMÜ+GAMT) )• 
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TABLE 17 (Cont.) 

1EXPF(U0*«2)»{ 1.-ERFIU0)))- 
21(GAMT/tGAMO+GAMT))»EXPFIUT»»2)•(1.+ERFIUT)))I 

WRITE   OUTPUT    TAPE   3,3 
200   WRITE   OUTPUT    TAPE    3,4,SRX,EM,AM 

5   FORMAT 
RESTORE 

SPACE3 

SPACE2 
ALPHA F NUMBER   CF   RCOTS 

END   OF   FORMAT 
2   FORMAT 

-E6 -E6 -I 
ENO   OF   FORMAT 

1   FORMAT 

END   OF   FORMAT 
6   FORMAT 

-E6 
tND CF FORMAT 

3 FORMAT 
SPACE 

SQ. ROOT OF DT/A*»2   EXACT MT/MI APPROX. MT/MI 
END CF FORMAT 

<t FORMAT 
-E6                  -E6 -E6 

SPACE 
END OF FORMAT 

7 FORMAT 
SUM           GAMO           UO UT           X 
-E6            -E6           -t6 -E6         -E4 

SPACE2 
END DF FORMAT 

9 FORMAT 
SPACE 

SQ. ROOT OF UT/A«2   EXACT MT/MI 
-E6                 -E6 

END OF FORMAT 
205 WRITE OUTPUT TAPE 3,7,SUM,GAMO,UO,UT,X 

IF(SRX-SRXS)210,220,10 
210 SRX=SRX+OSRX 

GO TO 120 
220 GO TO 10 

END!1,1,0,1,0,1,1,1,0,1, 0,0, 0,0,0) 
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APPENDIX in 

APPROXIMATE SOLUTION OF DIFFUSION FROM A LIMITED VOLUME 
OF WELL-STIRRED FLUID INTO A SPHERE 

Although Equation (1-123) of Appendix I was derived for slab geometry, the suggestion has 
been made that it is also a satisfactory short-time approximation for the spherical case. 

The equation is repeated below 

J = 1-^ eerfc [(1 - ß) a /t] - ^- eerfc [(1 +ß) a /t] 

where, 

u = concentration (mole fraction) of isotope in the gas at time t 

ui = concentration of isotope in the gas at t = 0 

K 
a~2/D 

D - diffusion coefficient, cmVsec 

K = rate constant of surface exchange reaction, cm/sec 

S = surface-to-volume ratio of the solid.  For a sphere of radius a, 

_     3 
a 

_ moles of diffusing element in the gas 
moles of diffusing element in the solid. 

A FORTRAN program for computing u/u^ is given in Table 18 below.  A sample of the cal- 
culation is shown in Table 19. 

It also was desired to compare this approximate equation with the exact one. The FORTRAN 
program was modified to produce values of Mt/M«o and the corresponding values of (Dt/a2)v2. 
This modified program is given in Table 20. The subroutine for the function eerfc from the origi- 
nal program is needed in this modified program also, but it was not recopied. Following the 
program is a sample table of results (Table 21). 
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TABLE 18 

LISTING OF FORTRAN PROGRAM FOR COMPUTING u/uj 
VERSUS /t FROM EQUATION (1-123) 

C000749   DIFFUSION INTO A PLATE WITH BOUNDARY_ REAClION, APPRO,;. SOL. 

C     CODED BY JOHN YALCH FEBRUARY 1963" 

.X       
DlMtNSION ALPHA(40) .SKTI50 ) .RAT 10(40.50.10) • 
1SYMTABI22)»NSRT(50>«BETA(101>D5RT(50)«S(50l  

C 
TABLE SYKTAR17, $(NPAGE.NA.NB.NT.BET A.ALPHA,SRT) I 

C 
NPAGE = 1       

1 CALL DINGISYMTAB.l) 
C 
C    CALCULATE 

K = l 
21 N = l 
2 2 DO 2 M=1.NA 

BP=1.+3ETAIK) 
BM=1.-BETA(K) 
BPAT»8P»ALPHA(M)*SRT(N) 
BMAT»BM»ALPHA(M)«SRT(N) 
RATIO(M,N><)^( BP*EERFC(Bi-!AT)-RM*EERF'c"(BPAT')" )/ ( 2. «BET A ( K.) ) 

2 CONTINUE 
N = N+1 
IF(NT-N)23.2 2,22 

23 K=K+1 
IF(NB-K)24,21.21 

24 CONTINUE 
C 
C    FIND INFLECTION POINTS 

C    . . 
DO 30 N=2.NT 

.30 DSRT!N-1)«SRTINl-SRT(N-l) 

"c" 
K = l 

31 M«l 
32 DO 33 N = 2 .NT 
3 3 S(N-l)«(RATIC(M»N«K)-KATIO(MtN-l.K) )/DSRT(N-l ) 

DO 34 N = 3.NT 
34 SIN-2l»S(N-2l-SIN-1) 

N = 4 
35 IF(S«N-3I*S(N-2I>36»3b»37 
3 6 RAT I0(M,N-2.<) "RAT I0(M»N-2»K )+4. 
37 N=N+1 

IF(NT-N)38«3t>»35 
3 8 M »Ki+ ] 

IF(NA-M139.3?»32 
39 K=K+1 

IF(NB-K)4ü,3i.31 
40 CONTINUE 

C 
DO 3 N=1»NT 

3 NSRT(N)=SRT(N) 
C 
C    PRINT OUT 

K = l 
20 NAS=1 
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TABLE 18 (Cont.) 

NAE=10 _   
10 IF(NA-NÄEill .11.12 
11 NAE=NA 
12 WRITE   OUTPUT   TAPE"   it 100.NPÄGE »BET A(K ) . I ALPHA ( M ) .M = NÄS .NÄE ) 

WRITE   OUTPUT   TAPE   3.400   
NPA6t=NPAGE+l 

N = l 
4 L = 5 
5 WRITE OUTPUT TAPE 3 . 200 »NSRT I N ) . ( RAT 10 ( M ,N , K) .M=NAS . NA_E ) 

L=L-1       ,  
IF(L)6.6,7 

6 WRITE OUTPUT TAPE 3.300 
L = 5 

7 N = N+1 
IF(NT-N)8.5.5 

Ü IFINA-NAE113.13.9  
9 iMAS = NAE+l 

NAE=NAE+10  
GO TO 'la" 

13 <=K+1 
IF<NB-kfiY2Ö"»2~Ö""' 

100 FORMAT 
RESTORE 

DIFFUSION INTO A PLATE WITH BOUNDARY REACTION 
SPACE 
BETA  -ÖPF3""" 
ALPHA   rF3 rF_3   -F3   -fj ^F3   -F3   -F3   -F3 

"'"END Of FORMAT 
h0 0_  FO_RMAT_ 
"TIM! 

END OF FORMAT 
Too" FORMAT"" 

-I    -UPF3   -F3 

PAGE 

-F-3 

-I 

-F3 

-F3 -F3 -F3 -F3 -F3 -F3 -F3 -F3 
END OF- FORMAT 

-3-Q0..F.0RMAT 
SPACE 
END OF FORMAT 

"""END"" 
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TABLE 18 (Cont.) 

CEERFC 
FUNCTION EERFC(X I 
DIMENSION A ("it 31 I .B131) 
TABLE B(1.0tO.8965.0.8090tO.7346»0.6708»0.615J ,0.5678.0.5259. 
10.4891.0.4S65t0.4276»0.4017t0.3785tO.3576.C.3387»0.3216tO.3060» 
20. 2917. u.2786.Ü.2665. Ü.2554.0.2451.0.2 356,0.2267.0.2185.0.2108. 

'~To'. 2036^0.1969. 0.1 90 5,0.1846.0.lTsÖT" 
IFIX-3.1)1.2.2 

"C~COMPUTE~EERFC BY INTERPOLATION 
1 IFIFN-3U.15.11.5 

5   K = Q 
6~FN = K 

K=K+1 
"" XZ=~FN/10.   " 

_   XZS=XZ*XZ 
A(ltKf*-XZ 
A(2»K)=(2.*XZS-1.)/3. 
A(3.K)=(l-2.*XZS+3.)*XZ)/6. 
AI4.K)=(I (XZS-3. )*4.«XZS)+3. )_/3 0. 
A( 5.K ) = (TV-XZS'+5Vj*4."*XZS-15^ l*XzT/9~0"i 
IFIK-31 )6.7.7   

100   FORMAT 
RESTORE 

"COEFFICIENT'S   USED    IN    INTERPOLATION" FOR   E"ERFC" 
SPACE   2 
ÄTlVkY "  AI2.K)   ATJ'tRT" ""ATFtin   ÄT57KT" 
SPACE     _   

-1PE3       -E3       -E3       -E3 ~    '~-E3 
REPEAT 1 

"""END""öF""FORMA"T 
7 WRITE OUTPUT TAPE 3.100.( (A( I , K ) .I= 1 . 5 ) .<=1.31 I 

11_K = 10.*X.  
xz=< 

 xz,rX_zy_ifl_.   
H=X-XZ 

„JL"1+JL 
S=(l. + (A(i.~K)+(A<2»K) + (A<3.K) + <A(*tK)*A(5»k)»H)*HJ*H)*H)*H)*H 

    .       EERFC=EXPF(H»(2.«XZ+H)l«(B(<I-2.».5 6418958»S) __ 
GO   TO   10 

C   COMP.U.TE .EE.RFC_ B_Y__S_E_R_If.§  _.__        
2   EE~RFC = 1. 

TN = 1. 
F~ACT=-.5/(X*X> 

T»-l. 
J3_.T=T + 2. 

TN=FACT*TN*T 
EERFC=EERFC+TN 
K = l + K 

 IF(5-<)4.3.3 ..._  
4   EERFC=.56418958»EERFC/X 

10   RETURN 
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TABLE 19 

SAMPLE OUTPUT FROM FORTRAN PROGRAM SHOWN IN TABLE 18 

DIFFUSION INTO A PLATE WITH BOUNDARY REACTION PAGE  120 

8ETA  0.610 
ALPHA 0.031 0.032 0.033 0.034 0.035 0.036 0.037 0.038 0.039 0.040 

V TIME 
30 0.812   0.805   0.798   0.791   0.784   0.777   0.771   0.764   0.757   0.751 
60 0.624   0.614   0.604   0.595   0.586   0.577   0.568   0.559   0.551   0.543 
90 0.495   0.485   0.475   0.466   0.456   0.448   0.439   0.431   0.423   0.415 

120 0.405   0.396   0.387   0.378   0.370   0.362   0.354   0.347   0.340   0.333 
150 0.342   0.333   0.325   0.317   0.309   0.302   0.295   0.289   0.282   0.276 

180 0.294   0.286   0.279   0.271   0.265   0.258   0.252   0.246   0.241   0.235 
210 0.257   0.250   0.244   0.237   0.231   0.225   0.220   0.214   0.209   0.205 
240 0.228   0.222   0.216   0.210   0.205   0.199   0.194   0.190   0.185   0.181 
270 0.205   0.199   0.194   0.188   0.183   0.179   0.174   0.170   0.166   0.162 
300 0.186   0.181   0.176   0.171   0.166   0.162   0.158   0.154   0.150   0.146 

330 0.170   0.165   0.161   0.156   0.152   0.148   0.144   0.140   0.137   0.134 
360 0.157   0.152   0.148   0.144   0.140   0.114   0.132   0.129   0.126   0.123 
390 0.145   0.141   0.137   0.133   0.129   0.126   0.123   0.119   0.116   0.114 
420 0.135   0.131   0.127   0.124   0.120   0.117   0.-114   0.111   O.iOB   0.106 
450 0.127   0.123  0.119   0.116   0.113   0.110  0.107   0.104   0.101   0.099 

480 0.119   0.115   0.112   0.109   0.106   0.103   0.100   0.098   0.095   0.093 
510 0.112   0.109   0.106   0.102   0.100   0.097   0.094   0.092   0.090   0.087 
540 0.106   0.103   0.100   0.097   0.094   0.092   0.089   0.087   0.085   0.083 
570 0.101   0.098  0.095   0.092   0.089   0.087   0.085   0.082   0.080   0.078 
600 0.096   0.093   0.090   0.087   0.085   0.083   0.080   0.078   0.076   0.074 
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TABLE 20 

LISTING OF FORTRAN PROGRAM FOR COMPUTING M^/M. 
VERSUS (Dt/a2)1/2 FROM EQUATION (1-123) 

C000751 FRACTIONAL   DIFFUSION   INTO   A   PLATE   WITH   BOUNDARY   REACTION. 
-C    ....    ...    APPROXIMATE   SOLUTION. 

C   CODED   BY   JOHN   YÄLCH      MAY   1963 

DIMENSION   Q( 10).F(20).XAMDA I20).BtTA(10.20). 
.lA$ÄI14P-Lt.f.BP. I CtO . l.C »20) .$(??) tSRpTA (4Q11QJ  

TABLE   S(8.S(G.F,A3RT,IM.JM,KM.NPAbE.PUNCH)) 
C 
.„. 

NPAGE=1 
1   CALL   DING(S.l) 

C 
TTNTTTALTZE ' 
C 

K = l 
 2   J = l  

3   BETA! J,K)=-0.0 
I.= l 

Ä   FRDI ( I . J .k"f = -Ö .0 
1 = 1 + 1 
I F ( I - IM ) U , ü, 5 

_ JLJ"J.+1 ....... . _  
IF(J-JM13.3.6 

6 K=K+1 
IF(K-KM)2.2.7 

7 CONTINUE 
c    ' """   

_C   CALCULATE _ 
K = l 

11 XAMDA(K)=1.0/F(KI-1.0 ----- 

12 BETA!J.K)=1.U-A.0*Q(J)/XAMDA(K) 
"""I F ( BETA ("JVK ) ') 10,15,13 

13 BETA! J.K) «SORTFIBETAI J.KH  
15 BP=1.0+BETA(J.K) 

BM=1.0-BtTA(J,<) 
DO   16    1=1,IM 
BMA=BM*ASRT(I) 
BPA=BP*ASRT( I I 

16 FRDI(I,J,k) = (1.0 + XAMDAU))*(1.0-(BP*EERFC(BMA> 
1-BM*EERFC(hPA) l/(2«0*ütTA(J»K) ) I 

18 J=J+1 
IFIJ-JM]12,12,19 

19 K=K+1 
IFIK-KMI 1 1 ,1 1,20 

20 CONTINUE 
C 
C 

DO   2]    J=l»JM 
UO   21    I=1,1M 

21 SROTAII»J)»2.0*0( J)*ASRT( I 1/3.0 
C 
C   PRINT    OUT 
C 

SPACE 
ALPHA    SO   ROUT 

SU ROuT    OF UT FRACTIONAL DIFFUSION 
OF TIME    OVER A 

iPACE 
END OF FORN«I 

C 
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TABLE 20 (Cont.) 
6U0 FORMAT 

-1PE3       -E3       -0PF3       -F3     -F3       -F3       -F3 
"END OF FORMAT 

c _  
700 FORMAT 

-1PE3       -E3       -E3      _-E3       rE3       -E3       -E3 
"END OF FORMAT"" 

"END 

J = l     __     
30 ks=i 

KE = 5    
31 IF<KM-ICE)32t32»33 
32 <E=KM 
33 WRITE OUTPUT TAPE 3»10Ü.NPAGE.0(J)»(BET A(J»K.) .K = KSiKE) 

WRITE OUTPUT TAPE 3 .200.IF(K).K=KS.KE) 
WRITE OUTPUT TAPE 3 . 300>(XAMDAIK) rk = KS.KE) 
NPAGE=NPAGE+1 
WRITE OUTPUT TAPE 3.500"" 

1=1 
34 L = 5 
35 WRITE OUTPUT TAPE 3 .600 . ASRT i I I ,SRD YÄ (T, J )"," (FROH "I VJVK") . K = KS »KE ) 

L=L-1 
IF(L)36,36,37 

36 WRITE OUTPUT TAPE 3.400  
L = 5 

37 1=1+1 
IF( IM-I)3ö,3b.3 5 

38 IF(KM-KE)40.40.39 
39 KS=KE+1 

KE=KE+5 
GO TO 31 

40 J=J+1 
IF<JM-J)*l»30»3ll 

c 
C PUNCH OUTPUT 
C 

41 IFIPUNCH-6HYES    11.42.1 
42 PUNCH 70U,1((SRDTAII ,JI ,FRDI ( I >J»K) >I = 1.IM) .K = 1»KM ) .J=1,JM) 

GO TO 1 

1U0 FORMAT 
RESTORE  _ 
SPACE 5 

FRACTIONAL DIFFUSION INTO A PLATE WITH BOUNDARY REACTION    PAGE   -I 
SPACE 1 

Q -1PE3 
BETA -E3       -E3       -E3       -E3       -E3 

END OF FORMAT 
C 

200 FORMAT 
F -E3       -E3     '"-E3"      -E3       -E3 

END OF FORMAT 
C 

300 FORMAT 
LAMBDA       -E3       -E3       -E3       -E3       -E3 

END OF FORMAT 

C 
400 FORMAT 

SPACE 
END OF FORMAT   

C 
500 FORMAT 
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TABLE 21 

SAMPLE OUTPUT FROM FORTRAN PROGRAM SHOWN IN TABLE 20 

FRACTIONAL DIFFUSION INTU A PLA1E V. ITH BOUNDARY REACTION PAGE 

Q 10.000-02 
BETA 9.103-01 
F 0.300-00 
LAMBDA  0.233+01 

8.858-01 8.563-01 8.202-01 7.746-Cl 
0.350-00 0.400-00 0.450-00 0.500+00 
0.186+01  0.150+01  0.122+01  0.100+C1 

ALPHA SQ   ROOT 
SO.   ROOT OF   DT FRACTIONAL   DIFFUSION 
OF   TIME OVER   A 

3.750-01 2.500-02 0.050 0.054 0.058 0.063 0.C69 
7.500-01 5.000-02 0.141 0.151 0.162 0.175 0. 190 
1.125+00 7.500-02 0.240 0.256 0.273 0.293 0.316 
1.500*00 10.000-02 C.340 0.359 0.381 0.406 0.433 
1.875+00 1.250-01 0.437 0.459 0.484 0.511 0.541 

2.250+00 1.500-01 0.530 C.554 0.580 0.607 0.638 
2.025+00 1.750-01 0.619 0.643 0.669 0.696 0.725 
3.000+CC 2.000-01 0.704 0.727 0.752 0.777 0.804 
3.375+00 2.250-01 0.785 0.807 0.829 0.852 0.875 
3.750+00 2.500-01 0.862 0.881 0.901 0.920 0.939 

4.125+OC 2.750-01 0.936 0.952 0.968 0.983 0.997 
4.500+0C 3.000-01 1.006 1.018 1.030 1.041 1.050 
4.175+00 2.783-01 0.945 0.961 0.976 0.991 1.CC4 
5.250+00 3.500-01 1. 136 1.140 I. 143 1.143 1. 142 
5.625+OC 3.750-01 1.197 1.196 1.193 1.189 1. 182 

6.000+OC 4.000-01 1.255 1.249 1.241 1.231 1.219 
6.375+00 4.250-01 1.310 1.299 1.286 1.271 1.253 
6.750+OC 4.500-01 1.363 1.347 1.328 1.307 1.285 
7.125+00 4.750-01 1.414 1.392 1.367 1.342 1.314 
7.500+00 5.000-01 1.463 1.434 1.405 1.374 1.341 

7.875+OC 5.250-01 1.509 1.475 1.440 1.404 1.366 
8.625+00 5.750-01 1.596 1.551 1.505 1.458 1.412 
9.375+00 6.250-01 1.677 1.619 1.562 1.506 1.451 
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TABLE 21 (Cont.) 

FRACTIONAL DIFFUSION INTO A PLATE WITH BOUNDARY REACTION PACE    6 

Q      1O.0OO-O2 
BETA    7.149-01  6.325-01  5.071-01  2.582-01 -2.000-C1 
F       0.550+00  0.600+00  0.650+00  0.700+00 0.750+00 
LAMBDA  0.81B+00  0.667+00  0.538+00  0.429-00 0.333-00 

ALPHA SQ ROOT 
SO. ROOT OF DT FRACTIONAL DIFFUSION 
OF TIME OVER A 

3.750-01 2.500-02 0.076 0.086 0.097 0.112 -0/ 
7.500-01 5.000-02 0.209 C.231 0.258 0.292 -0. 
1.125+0C 7.500-02 0.342 0.374 0.411 0.456 -0. 
1.500+00 10.000-02 0.465 0.501 0.543 0.591 -0. 
1.875+00 1.250-01 0.574 0.611 0.653 0.699 -0. 

2.250+00 1.500-01 0.671 0.706 0.745 0.785 -0. 
2.625+00 1.750-01 0.756 C.788 0.822 0.856 -0. 
3.000+00 2.000-01 0.831 0.859 0.887 0.913 -0. 
3.375+00 2.250-01 0.898 0.920 0.941 0.961 -0. 
3.750+00 2.500-01 0.957 0.974 0.989 1.001 -0. 

4.125+00 2.750-01 1.010 1.021 1.030 1.036 -0. 
4.500+00 3.000-01 1.057 1.062 1.065 1.065 -0. 
4.175+00 2.783-01 1.016 1.027 1.035 1.040 -o. 
5.250f00 3.500-01 1.138 1.132 I. 124 1.113 -0. 
5.625+00 3.750-01 1.173 1. 162 1. 146 1.132 -0. 

6.000+00 4.000-01 1.205 1. 189 1. 170 1.150 -0. 
6.375+00 4.250-01 1.234 1.213 1. 190 1.165 -0. 
6.750+00 4.500-01 1.261 1.235 1.208 1.179 -0. 
7.125+OC 4.750-01 1.285 1.255 1.224 1.192 -0. 
7.500+OC 5.000-01 1.308 1.273 1.238 1.203 -0. 

7.875+OC 5.250-01 1.328 1.290 1.252 1.213 -0. 
8.625+00 5.750-01 1.365 1.320 1.275 1.231 -0. 
9.375+00 6.250-01 1.398 1. 346 1.295 1.247 -0. 

* 
The quantity -0.0 is printed when ß is imaginary 
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APPENDIX IV 

EXACT SOLUTION OF DIFFUSION FROM A LIMITED VOLUME OF 
WELL-STIRRED FLUID INTO A SPHERE 

Numerical values were desired from Equation (1-117) of Appendix I. This equation is re- 
peated below. 

2 Dt 

Mt _1     2(1+A) y>  3ie_ 

M« 3A   a=l7^_Q+M+F2 + q2E2^ 

The qa's are the positive, non-zero roots of 

tanqa = - 
1 . QN   2 F 
X+Xqa 

«*-. 

Q = - W-  K 

D = diffusion coefficient 

S = surface-to-volume ratio for a sphere. S = 3/a, where a = radius of the sphere. 

K = rate constant of the surface exchange reaction. 

_ moles of diffusing element in the gac 
moles of diffusing element in the solid 

Mj _ mass of isotope which has left the gas after time t 
M.0    mass of isotope which would leave gas as t-*« 

A Fortran program for calculating M^/M^, from Equation (1-117) is given in Table 22. (In the 
input to this program, the radius of the spheres is expressed in microns.) Samples of the output 
formats are given in Tables 23, 24, 25, and 26. 

Figures 26, 27, and 28 show plots of Mf/M«, versus (Dt/a2)1/2 when the other parameters 
have the fixed values specified on the graphs. 
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TABLE 22 

LISTING OF FORTRAN PROGRAM FOR COMPUTATIONS 
WITH EQUATION (1-117) 

♦F2864A00 
DIMENSION TEMP (200) .DA (25) »TIME I 2000) .UDK(25) .AK(25).RK(25) 
DIMENSION R(20 00).SYMTA3(200)»FJ(200)»DENOMI2 000), 
IKNTI2000)I a(25) iF(25) .0(200 0) »DTAK120CO)»ELAMBI25I»DTAKl(2 000) 
TABLE SYMTAB(65.S(R.Q»F,DTA»DTAMAX.DELTAD,NGN;AlNCR.DINCR.AMAX, 

1 LOOP»TO.TMAX.DELT AT , N0PL0T»DDK.NDS•RK.NRADUS.SX>SY. 
2QA»R00T.XK1,XK2.XK3 . XK4,TOL>XJMAX»SUMTOL»DMAX.AM IN.DMIN) ) 
DIMENSION TITA(S)»TITB(2).TITD(10).TITE(4),TITG(4).TITC(2) 
TABLE TITA( 21H.3QUARE ROOT OF DT/A*A) 
TABLE TIT319HMT/MT-INF)»TITC(4HTIME) 
TABLE TITGI 1 3HCONCL.NTRATION) »TITc116HRADIUS RATIO R/A) 
NTA=-21 
NTB = 9 
NTC=-4 
CALL   MAB(BITS) 

10   DO   110   1 = 1 »2000 
NOPLOT=2 

UO   R ( I ) =5 ITS 
DO   1   1=1,25 
F ( I («BITS 

1   Q( I )=BITS 
NO=0 
<IM»1 
SUMTOL».0000001 
LOOP=0 
DELTAD=.05 
DTA=.02 
DTAMAX=2. 
TO=l . 
TMAX=3600. 
NF = 0 
NO=l 
AMIN=2Ü. 
AMAX=30. 
DMAX=l.E-8 
DMIN=l.b-16 
DINCR«100. 
A I NCR = 2. 
DELTAT=BITS 
AN = 0. 
0A=3.142 
RO0T=3'.142 
XK1=C. 
XK2=-0.1 
XK3-0. 
XKM0.1 
TOL».00'Jl 
XJMAX=31. 
NGN=94 
N»0 
NOPLOT«1 
LOOP=l 
NRADUS"1 
CALL DINGISYMTABtl ) 
NOPLOT=NOPLOT 

112 



TABLE 22 (Cont.) 

5 
5>J 

101 

61 

200 
9 

27 

] 1 

60 

DTAM=DTA 
NQN=NQN 
NDTA=(DTAMAX-DTA)/DELTAD+1. 
DO   2    1 = 1 .25 
IF    (F(Il-BITS)    2.3.2 
NF=NF+1 
DO   4    1 = 1 .NF 
ELAMBII) = (l.-F(I ) )/F( I I 
DO   5    1=1.25 
IF   (Q(I1-B1TS15.50.5 
NQ=NQ+1 
N 1 = 1 
N2 = l 
IF    (DELTAT-BITS)    101.    6    .101 
NO=2 
T IME(1)=TO 
NTIME»(TKAX-TO1/DELTAT+l. 
N1=NRADUS 
N2=NDS 
NDTA-NT1ME 
DO 600 J=1.NF 
AMBDA=1./ELAMP(J) 
BC=2.*(AMBDA+1.1/3. 
DO 60C KK« = liNO 
Q1=Q(KKKK1/9. 
Q2=(3.-0(KKKK)1/9. 
K»0 
RCAL=0. 
IF(R<1)-BITS)8.7.8 
CALL FINDER(R.XK1.XK2.XK3»XK4.T0L.XJMAX,FJ.AMBDA.U1,Q2»GA. 
IROOT.NGN) 
WRITE (3.22) Q(KKKK) .F(J).ELAMB(J). (R(I I.FJ(I ),1 = 1.NGN) 
RCAL=1. 
GO TO 9 
NQN = 0 
DO 2 00 1 = ] .2000 
IF(R{Il-BITS) 200,9.200 
NGN=NGN+1 
DO 11 1=1.NQN 
EA = R(I)*R(I) 
ER=AMBDA-Q1*EA 
EC=AMfeDA+Q2*EA 
ED=AMBDA+Q1*EA 
DEMON=BC*tA/(EC*<EC + ED)+tB*(EB«EA-2■»AMBDA | I 
IF (DEMON) 27.27.11 
WRITE (3.26) R(I).Eb»EC»ED.BC«DEMON 
GO TO 11 
DENOMI I )=DEMON 
DO 15  <KK=1,N1 
AA=RK(K<K)».0001 
DO 15  K<L=1,N2 
DD = DDK(K.KL) 
<=K+1 
AKIK)=3.*DD/(AA*a(KKK<)) 
T IN>E.(KIN) =TO 
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DO   15   KK=1.NDTA 
GO   TO   (303,304 ) .NO 

303 DTA1=DTA*DTA 
GO TO 305 

304 DTA1=DD*TIME(KIM)/(AA*AA) 
305 NN = 0 

SUM=0. 
DO 12 1=1.NQN 
NN=NN+1 
SUM1=EXPF(-(DTA1*R{1 )*R(I) ) )*DENOM( I) 
IF (SUM1-SUMTOL)13.13.12 

12 SUM=SUM+SUM1 
13 D(KIM)=1.-SUM 

DTAK1(KIM )=DTA1 
DTAK(KIM)= S-QRTF(DTA1) 
KNT(KIM)=NN-1 
GO   TO   (306.307 ) »NO 

306 IF    (DTAMKIM)-DTAMAX)    14,14,15 
14 DTA=DTAK(KIM)+DELTAD 

GO TO 15 
307 TIMEIKIM+1)=TI ME(KIM)+DELTAT 
15 KIM=KIM+1 

IFIRCAL-1.) 130,129.130 
129 R( 1 )=BITS 
130 CONTINUE 

DTA=DTAM 
CA=ROOT 

600 CONTINUE 
Kl = l 
K2=NDTA 
GO TO (501,1000!.NO 

501 DO 700 J=1»NF 
DO 700 K=1»NQ 
WRITE    (3.21)    F(J) .ELAMB( J) ,Q ( K ) . ( DT AK ( I ) .DTAK 1 ( I ) . D ( I ) ,KNT'( I ) . 

1 I=K1,K2) 
WRITE   (3.23) 
K1«K2+1 
K2=K2+NDTA 

TOO CONTINUE 
GO TO (701.702).NOPLOT 

701 CALL APLOT(DTAK.D.Q,TITA.TITS,F.1..C..1. lOVJMl ,DUM2,0.,10.,10..NF 
1NO.NTA.NTB.1.C.0.1.0.NDTA..25) 

702 MM=0 
1000 Kl=1 

K2=NDTA 
IF (LOOP) 1111,10,1111 

1111 KKK=C 
DO 200C M=l,2 
DO 2000 L=1.NF 
DO 20C0 KK<< = 1 .NU 
DO 2000 KK»1 .Nl 
DO 2CG0 K=1.N2 
GO TO (1112,1113) ,M 

1112 CONTINUE 
<KK=KKK+1 
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WRITE (3.24) DDK(K) »RKIKK)  »AK(KKO»Q(KKKK).F(L)»ELAMB(L)> 
1 (TIME! I ) »D< I I.DTAK1 I I »DTAKK I ) . K.M T < I > , I =K 1 . <2 ) 

1008 K1=K2+1 
K2=K2+NDTA 
WRITE (3.23) 
GO TO 2000 

1113 CONTINUE 
GO TO (2003.10).NOPLOT 

2 003 CALL APLOTITIME.D.DDK.TITC.TITB.RK.TMAX.O. . 1. »FtLI .Q(KKKK).0..5X, 
1SY.NRADUS.NDS.NTC.NTB.3.0..1..NDTA..25) 

2000 CONTINUE 
GO TO 10 

20 FORMAT 
ROOTS OF TANGENT EOLATION AND 

THE PARAMETERS 3=     -F5    F =      -F5    LAMBDA=      -F5 
-F8 -F8 -F8 -F8 -F8 

REPEAT 1 
END OF FORMAT 

21 FORMAT 
RESTORE 

DIFFUSION FROM A LIMITED VOLUME OF WELL STIRRED FLUID 
INTO A SOLID SPHERE WITH FINITE REACTION RATE AT THE SURFACE 

FOR THE PARAMETERS F =     -F5    LAMBDA=     -F5     Q=      -F5 
(DT/A*A)**.5        (DT/A*A)        MT/M-INF   NO OF TERMS USED 

-F5 -F5 -F5 -I 
REPEAT 1 
END OF FORMAT 

22 FORMAT 
RESTORE 

ROOTS OF TANGENT EQUATION AND THEIR ERRORS 
FOR THE PARAMETERS 0=     -F5    F=      -F5    LAMBDA=      -F5 

ROOT        ERROR       ROOT        ERROR       ROOT        ERROR 
-0PF5      -1PE4        -0PF5      -1PE4        -0PF5      -1PE4 

REPEAT 1 
END OF FORMAT 

23 FORMAT 
SPACE 6 
(DT/A*A)=DIFFUSION COEFFICIENT D TIMES TIME (T) DIVIDED BY THE 

RADIUS (A) SGUARED. 
(DT/A*A)**.5=SQUARE 'ROOT OF (DT/A*A) 
MT/M-INF=COMPOSITION OF GAS AS A FUNCTION OF TIME 
0=DS/K THE DIFFUSION COEFFICIENT TIMES THE RATIO OF THE SURFACE TO 

VOLUME RATIO (3/A) AND THE RATE CONSTANT OF SURFACE REACTION 
VALUES OF F,DT/A*A.AND 0 ARE ASSUMED TO 3E KNOWN 

END OF FORMAT 
24 FORMAT 

RESTORE 
DIFFUSION FROM A LIMITED VOLUME OF WELL STIRRED FLUID 

INTO A SOLID SPHtRE .VITH FINITE REACTION RATE AT THE SURFACE 
D=    -1PE3 A=  -0PF2  K.=   -1PE3  Q =  -0PF4  F«  -F2  LAM8DA=     -F4 

TIME(SEC)       MT/M-INF     (DT/A*A)*».5     (DT/A*A)     NO. OF TERMS 
-1PE4 -OPF5 -FS -F5 -I 
REPEAT 1 
END OF FORMAT 

25 FORMAT 

RESTORE 
DIFFUSION i-ROM A LIMITED VOLUME OF WELL STIRRED FLUID 

INTO A SOLID SPHERE «vITH FINITt REACTION RATE AT THE SURFACE 
FOR THE PARAMETERS F=     -F5    LAMUOA*     -FS     0"      -F5 
(DT/A*A>**.5        IDT/A»A)        '-1T/M-INF   NO OF TERMS USED 

-F5 -F5 -F5 -F0 
REPEAT 1 
END OF FORMAT 
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26 FORMAT 
RESTORE 
ROOT -F5  E -F5  F -F5 
F PRIME -F5  COEF. -F5  FACTOR -F5 
END OF FORMAT 
END 

»F2864AÜ0 
♦SUBROUTINE TO PLOT DATA FROM DIFFUSION STUDY. 
* 

SUBROUTINE APLÜT(AX.AY,U,TITA.TITB.F,   XMAX.XMIN.YMAX,ALPHA.BETA, 
1YMIN,SX,3Y,NF.NQ.NA.NB.NC»AAX.AAY,NAX,X) 

* 
DIMENSION AX(1 ) ,AY(1).0(1) iTITA(11•T1TB(1] .TITDI20),TITE(5]. 
1TITGI5) 
DIMENSION XXUOO) >YY( 100) 
DIMENSION TEMPI(25).F(1) .TEMPI 2 000) 
DIMENSION TITH(IO) . TITJI10) .TITKl 10 ) 

* 
TABLE TITDI60HDIFFUSION FROM A WELL-STIRRED FLUID INTO A SOLID SPH 
1ERE FOR ) 
TABLE TITEI22HF OF     AND VARYING U) 
TABLE TITGI24HQ OF       AND VARYINo F| 
TABLE TITHI52HF OF     .Q OF       .A OF     MICRONS AND VARYING D 

1 ) 
TABLE  TITJU6HF OF     ,3 OF       .LOG D OF     AND VARYING AV 
TABLE TITKU6HF OF      ,0 OF        .AND VARYING IDT/A*A>**.5) 

* 
NAAA=2 
NAAB=5 
AAA=.78 
AAB=.90 
AAC=.78 
DO 2 KK»1.2 
KKS=KKS+KK 
IF (KKS-1) 8100,8100.8200 

8 ICO REWIND 10 
8200 CONTINUE 

GO TO (80 3.800)iKK 
-» 
»Q IS PRINTED OUT AS TITLE I DENT IFICAT I ON,Y VALUES 
»MUST BE REARRANGE SO THAT WE HAVE A RANGE OF LAMBDAS 
»FOR EACH 0 
* 

800 1=1 
IF (NF-1) 8101,2.8101 

8101 NAF=NG 
NAO=NF 

* 
DC 806 RJ"X»NO 

806 TEMPI(KJ)=Q(KJ) 
J = l 
DO 801 L=l.NO 
DO 801 M=1.NF 
J=((M-l)*NO+(L-l)l*NAX+l 
DO 801 N=1.MAX 
TEMPI I)=AY(J) 
J = J+1 

801 1=1+1 
* 
»COMPLETE TITLE OF PAGE AND SET NUMBER OF DECIMAL PLACES 
»DESIRED P AND NUMBER OF CHARACTERS IN TITLE 
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TABLE 22 (Cont.) 

701 J=ll 
GO TC (7001.71.7002).NC 

7001 DO 703 K=1.4 
TITDI J)=TIT6(K) 

703 J=J+1 
NTD=84 
NAAC=5 
60 TO 804 

* 
70v.'2 DO 7003 K = l,9 

TITDIJ)=TITJ(K) 
7003 J=J+1 

AAC=1.104 
NAAC=1 
NTD=108 
GO TO 804 

* 
*F IS PRINTED OUT FOR TITLE I DENT IFI CAT ION.Y VALUES 
»ARE IN CORRECT ORDER 
* 

803 CONTINUE 
IF (NQ-1) 8C31.2.H031 

8031 J=ll 
GO TO (8001 .8004.8002) .NC 

8001 DO 704 K=1.4 
TITDIJ>=TITEIK) 

704 J=J+1 
NTD=82 
NAAC=2 
GO TO BC06 

* 
8002 DO 8003 K=l,9 

TITD(J)=TITH(K) 
8003 J=J+1 

AAC=1.068 
NTD=112 
NAAC=0 
GO TO 8006 

* 
8004 DO 8005 K = l»9 

TITPIJI=T ITK (< I 
8 00 5 J=J+1 

NTD-106 
* 
8006 DO 007 KJ=1.NF 
807 TEMPI (K.J) =F(KJ I 

NAF=NF 
NAO=NO 
J=NF*N0»NAX+1 
DU 805 1=1.J 

805 TEMPI I)=AY( I ) 
» 

B'J4 CONTINUt 
I A = 1 
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NCHNG=1 
* 
»REVERSE   X   TABLE   FOR   PLOTTINu  BACKWARDS« 
* 

NR=NAX 
DO   100    1 = 1. NAX 
XX(I)=AX(NRI 

100   MR«NR-1 
# 

JA = 1 

»SCALE   DATA. 
* 

CALL   SCALtM(XMAX.XMIN.YMAX.YMIN.SX.SY) 
* 

DÜ   2    J=l.NAF 
» 
♦DRAW   AND   LABEL   X-AXIS   AND   Y-A/IS   ON   NEGATIVE   SIDES. 
* 

CALL   XAXISI0..0..TITA.NA.SX.O.> 
CALL YAXISIO..O.»TI TB.NU,SY,90.) 

* 
»LABEL EACH PLOT WITH CORRECT 0 OR F INSERTED IN TITLE 
•1 

CALL SVMCJLIAAX.AAY..14.TITD.0..NTD) 
QN»TEKP1(J) 

* 
GO TO (9002«9000i9000)«NC 

9000 A!J=( AAX+AAA) »SX 
NDP=NAAA 
CALL NUMBRA(AB«10.».14.ALPHA«0«»NDF I 

♦ 
9001 AR=(AAX+AAUI*SX 

NDP=NAA« 
CALL NUMUKAIAC,10.,.14.BETA .O..NCP) 
GO TO 19003.9003.9010)»NC 

9010 GO TO (9011,9002 I .<K 
9011 0N=L0GF(QN>*G.43*29**82 

« 
9002 A»=(AAX+AAC)*SX 

NDP=NAAC 
CALL NUMRRAIAR.10. , . 14.QN.0. «NOP I 

■ 
9003 DO 1 1 = 1. NAG 

NN»0 
GO TO (12.13) .NCHNG 

12 NCHNG=2 
* 
»PLOT CURVE IN FORWARD DIRECTION. 
it 

CALL LINE(AX(1).TEMPI JA),NAX,1 ) 
GO TO 1 

* 
13 NCHNG=1 

NR=JA+NAX-1 
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DO 200 K.l.NAX 
YY(K)=AY( NR ) 

200 NR=NR-1 
* 
»PLOT CURVE IN REVERSE DIRECTION. 
* 

CALL LINEIXXI1).YY( 1 I »NAX.l) 
1 JA=JA+NAX 

* 
»THIS APPROACH OF FORWARD AND BACKWARDS ALTERNATELY 
»SHOULD SAVE TIME ON MOST PLOTS. 

CALL RESTOR 
2 CONTINUE 

71 CONTINUE 
RETURN 
END 

»FINDERGO 
SUBROUTINE FINDER(R»XK1iXK2.X<3 .XK4 . TOL>XJMAX.FJK.AMBDA.Q1i02iQA. 
1ROOTiNQN] 
DIMENSION XJ(8),R(2COI.FJK(2 00) 
DO 5 K=1.NQN 
DO U,   1=1.8 

4 XJ( I )=0. 
GOWHER= 6HBLANK1 
GOBACK= 6HGOBACK 

1 ALPHA=AMBDA-Q1*QA*0A 
BETA=AMBDA+02*UA*OA 
FJ=RETA*SINF[OA)-uA*ALPHA»COSF!OA) 
FJPRIM=(BETA-ALPHA+2.*U1*OA*UA*)*CQSF(GA)+(OA*ALPHA+2.*0 2»OAI» 
lSINF(QA) 
XK1=-1./FJPRIM 
XK2=0. 
XK3=-1./FJPRIM 

7777 XKA=0. 
IF    (ABSF( FJ/FJPRIM)-T0L*C1 )      31.31.30 

30 CALL   QIRE(0A.FJ,X<1.XK2.XK3.XK4,TOL.XJMAX.XJ.GOWHER) 
IF    (GOWHER-GOBACK)    31.1,31 

31 FJK(K)=-FJ/FJPRIK 
R(K)=QA 

5 OA=QA+ROOT 
RETURN 
END 
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TABLE 23 

SAMPLE CALCULATIONS OF Mj/M«, VERSUS (Dt/a2)1//2 

FROM THE PROGRAM OF TABLE 22 

DIFFUSION FROM A LIMITED 
INTO A SOLID SPHERE WITH FIN 

FOR THE PARAMETERS F = 0.50000 
(DT/A»A)»».5 (DT/A»AI 

0.05000 0.00250 
0.07500 0.00562 
0. 10000 0.01000 
0.12500 0.0156? 
0.15000 0.02250 
0.17500 0.03062 
0.20000 0.04000 
0.22500 0.05062 
0.25000 0.06250 
0.27500 0.07562 
0.30000 0.09000 
0.32500 0.10562 
0.35000 0.12250 
0.37500 0.14062 
0.40000 0.16000 
0.42500 0.18062 
0.45000 0.20250 
0.47500 0.22562 
0.50000 0.25000 
0.52500 0.27562 
0.55000 0.30250 
0.57500 0.33062 
0.60000 0.36000 
0.62500 0.39062 
0.65000 0.42250 
0.67500 0.45562 
0.70000 0.49000 
0.72500 0.52562 
0.75000 0.56250 
0.77500 0.60062 
0.80000 0.64000 
0.82500 0.68062 
0.85000 0.72250 
0.87500 0.76562 
0.90000 0.81000 
0.92500 0.85562 
0.95000 0.90250 
0.97500 0.95062 
1.00000 1.00000 

VOLUME   OF   WELL    STIRRED   FLUID 
ITE   REACTION   RATE   AT   THE   SURFACE 

LAMUDA»    1.00000 0=      1.00000 
MT/M-INF        NO   OF   TERMS   USEO 
0.03982 
0.08375 
0.13868 
0.20119 
0.26829 
0.33740 
0.40643 
0.47371 
0.53797 
0.59830 
0.65411 
0.70503 
0.75092 
0.79176 
0.82770 
0.85893 
0.88575 
0.90849 
0.92753 
0.94326 
0.95609 
0.96641 
0.97461 
0.98103 
0.98599 
0.98978 
0.99263 
0.99475 
0.99630 
0.99743 
0.99823 
0.99880 
0.99919 
0.99947 
0.99965 
0.99977 
0.99985 
0.99991 
0.99994 

15 
11 

9 
7 
6 
6 
5 
4 
4 
4 
3 
3 
3 
3 
3 
3 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

(DT/A»A)=DIFFUSION   COEFFICIENT   0   TIMES   TIME    (T)   DIVIDED   BY   THE 
RADIUS    (A)    SOUARED. 

(DT/A»A)»».5=S0UARt   ROOT   OF   (DT/A»A) 
MT/M-INF=COMPOSITION   OF   GAS   AS   A   FUNCTION   OF    TIME 
0=CS/K   THE   DIFFUSIUN   COEFFICIENT   TIMES   THE   RATIO   OF   THE   SURFACE 

VOLUME   RATIO   (3/A)   AND   THE   RATE   CONSTANT   OF   SURFACE   REACTION 
VALUES   CF   F,0T/A»A,ANC   0   ARE   ASSUMED   TO   BE   KNOWN 

TO 
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TABLE 24 

SAMPLE CALCULATION OF THE ROOTS OF THE 
AUXILIARY EQUATION USED IN OBTAINING TABLE 23 

ROOTS   Of   TANGENT   TCUATION   AHO   THEIR   ERRORS 
FUR   THE    PARAMETERS   0=    1.00000 F =      0.50000 

ROCT fcRKOR 
3.08434   -9.3944-07 

11.19243   -1.3130-06 
20.52067      1.7682-07 
29.91291   -7.0563-06 
39.32117   -1.5239-06 
48.73593   -3.9886-07 
58.15398      1.8531-07 
67.57392   -1.0805-07 
76.99505      5.5256-07 
d6.41698      4.7038-07 
95.83947      4.6826-09 

105.26237      3.3926-08 
114.68559      5.0820-08 
124.10904      9.3419-09 
133.53267      8.1647-07 
142.95646      1.4820-06 
152.38037      7.2006-07 

ROOT ERROR 
5.28715   -9.873H-07 

14.28575   -2.7097-08 
23.64838      1.4926-07 
33.04792   -4.2806-06 
42.45893   -1.1433-06 
51.37501   -4.2429-07 
61.29379     6.1507-08 
70.71419     7.5457-07 
80.13562     4.3132-07 
89.55776     6.4469-08 
98.98040      5.8206-07 

108.40341      5.3580-07 
117.82671      8.6283-07 
127.25023      5.6002-07 
136.67392      1.7527-06 
146.09776      2.2659-07 
155.52170     9.5058-07 

LAMBOA^       1.00000 
ROOT ERROR 

8.14835      8.3706-08 
17.39842      9.4355-08 
26.77950     6.8397-08 
36.18411   -2.5125-06 
45.59721   -5.4198-07 
55.01437   -3.4987-07 
64.43378      3.8754-07 
73.85457     5.4663-07 
83.27626     6.9935-07 
92.69859      7.8092-07 

102.12137     2.3686-07 
111.54449      7.6044-07 
120.96786      1.9355-07 
130.39144      1.2808-06 
139.81519      1.0424-06 
149.23906     2.4018-07 

TABLE 25 

SAMPLE CALCULATION OF THE ROOTS OF THE AUXILIARY EQUATION 
USED IN OBTAINING TABLE 26 

RCCTS CF TANGENT ECIATICN AND THEIR ERRCRS 
FCR THE PARAMETERS C= 0.25CC0 F*  0.36400 

RCCT        ERRCR 
3.35536 -C. 
11.83076 -6.7097-06 
20.92624  Ö.C727-08 
30.2C249  2.3343-08 
39.54497  3.7214-07 
48.91790  I.fc381-C8 
58.3C715 -5.4362-C6 
67.7C6C8 -2.C218-C6 
77.11125 -7.4124-07 
86.52C63 -1.7859-07 
95.93302 -3.C938-08 
1C5.34760 -1.4873-07 
114.76335  I.C933-C7 
124.13139  6.4729-07 
133.59994  1.5969-C6 
143.01931  1.4103-C6 
152.43935 -3.4041-C8 

RCCT ERRCR 
6.C573H 3.9202-08 
14.82730 -1.2359-06 
24.CC681 9.58B7-0d 
33.31130 1.2437-07 
42.66683 7.5689-C8 
52.C4626 -9.6134-06 
61.43926 -4.1952-C6 
70.84057 -2.C727-06 
80.24731 -5.7480-C / 
89.65781 -2.4237-07 
99.C71CO -3.C123-C7 
1C8.43619 -2.S387-07 
117.9C2S0 4.4881-07 
127.32C80 7.7260-07 
136.73965 1.6979-06 
146.15926 -1.6349-Cd 
155.57949 8.3495-07 

LAMBDA»  1.74725 
RCCT        ERROR 
8.89595  3.C638-08 
17.86362 -4.6924-08 
27.10005  6.4582-08 
36.42634  1.3959-07 
45.7913C  3.2678-07 
55.176C9 -7.3708-06 
64.57228 -2.7817-06 
73.97564 -1.C567-06 
83.333/9 -5.9635-07 
52.79528 -4.5653-07 
1C2.20920  4.4644-07 
111.62494 -9.5139-08 
121.C42CP  4.2845-07 
13C.46032  3.4729-07 
139.87944  2.9708-07 
149.29927  9.2357-07 
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TABLE 26 

SAMPLE CALCULATIONS OF Ufc/U* VERSUS t 
FROM THE PROGRAM OF TABLE 22 

ClFFUSlLN   FRCM    A    LIMITbL   VOLUME   UF    WELL    STIRREC   FLUID 
IML   A   SLLli:   SP^FR^    WITH   FIMIE   Rt-ACTICN   KAlF   AT   THE   SURFACE 

4.000-10   A =       34.50      K=4.969-C7      C =    C.2500      F=   C.3e       LAMBCA=       I- 7^73 
TIMEISEU y r/M-INF (C1/A«A)»».5 (CT/AoA) NC. CF TERMS 
3-0CCC+02 C.26122 C.10C41 0.C1C08 10 
4.5000+02 C.33765 C.12298 0.C1512 a 
6.0CCC+02 C.39,95 C.142C0 C.C2C16 7 
7.5CCC+^2 C.45208 C.15876 C.C252C 6 
9.C0CG+C2 C.49684 C. 17 391 C.C3C25 6 
I.C5CC+03 C.53592 C.18785 0.C3529 6 
1.20CC+03 C.57C46 0.20CS2 0.C4C33 5 
1.35CC+03 C.60129 0.21300 0.C4537 5 
1.5000+03 C.62902 C.22452 0.C5C41 5 
1.65CC+C3 C.65414 C.23548 0.C5545 4 
1.80CC+C3 C.677CC C.24595 0.C6C49 4 
1.95CC+03 C.69791 C.25599 0.C6553 4 
2.10CC+03 C.71 no C.26566 0.C7C5? 4 
2.25C0+C3 C.73479 0.27498 0.C7561 4 
2.40CC+G3 C.75114 C.28400 C.C8C66 4 
2.55CC+03 C.76628 C.29274 0.C857C 4 
2.7CCC+03 C.78034 0.30123 0.C9C74 4 
2.85CC+C3 C.79143 C.30948 0.C9578 3 
3.C0CC+03 C.80563 C.31752 Ü.1C082 3 
3.1500*03 C.81/01 C.32536 0. 1C586 3 
3.30CC+03 C.82766 0.333C2 0.11C9C 3 
3.45CC+03 C.83762 C.34C.50 0.11594 3 
3.6000*03 C.84696 0.34783 0.12C98 3 
3.7500*03 C.85572 C.35500 0.12602 3 
3.9COC+03 C.86394 C.362Ü3 0.13106 3 
4.G5CC+03 C.87166 C.36893 0.13611 3 
4.2000*03 C.B7«92 0.37570 0. 14115 3 
4.3500*03 C.88575 C.38235 0.1'619 3 
4.50C0+C3 C.89218 0.38888 0.1^123 3 
4.65CC+03 C.89823 C.39531 C.15627 3 
A.8000+03 C.90393 0.40163 0.16131 i 
4.95CO+03 C.90930 0.40786 0. 16635 3 

(CT/A»A)=CIFFUSlCN   COEFFICIENT   C   TIMES   TIME    (T)   DIVIDED   BY   THE 
RACIUS    (A)    SCUAREC. 

(CI/A«A) ««.S^SQUARE    KCCT    CF    (DT/A»A) 
MT/M-INF=CCMP0S1UCN   CF   GAS   AS   A   FUI\CT1CN   CF   TIKE 
C=CS/K   THE   CIFFuSICN   COEFFICIENT   TIMES   THE   RATIC   CF   THE   SURFACE    TO 

VCLUMfc   RATIC    (3/A)    AND   THE   RAIE   CCf.STANT   CF   SURFACE   REACT1CN 
VALUES   CF   F,CT/A«A,ANC   C   ARE   ASSUMED   1C   BE   KNC'^N 
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Fig. 26- Behavior of Equation (1-117) for F - 0.30 and various values of 0 
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APPENDIX V 

REDUCTION OF MASS SPECTROMETER DATA 

The output of the mass spectrometer is recorded on a standard strip chart. Typical curves 
for the three gases used, O2, CO, and CO2, are shown in Figures 29, 30, and 31, respectively. 

An oxygen gas sample gives rise to peaks at mass numbers 28, 30, 32, 33, 34, 35, 36, 44, 
46, 47, 48. These peaks are caused by the following molecular species: 

28 - C12016, Ng4 (possible contaminant) 

30 = C12018 

32 = O^6 

33 = 016017 

34 = 016018, 0|7 

35 = o"o18 

„*    ~18 
36 = 02 

44 = C120^6 

46 ■ C120l6018, C12017 

48 = C1202
8 

Possibly some CO and CO2 are synthesized from oxygen and hydrocarbon grease during exchange 
experiments, however, most of the CO and CO2 are made in the mass spectrometer; both CO 
and CO2 are observed in pure 02 samples. The amount of CO and CO2 made in the mass spec- 
trometer varies somewhat from day to day and sample to sample; however, in all cases it is less 
than 2 percent of the total gas. 

The oxygen isotopic distribution in the CO and CO2 was found to be the same as that of the 
oxygen gas and therefore the peaks at 28, 30, 44, 46, and 48 can be neglected in the calculation 
of the oxygen isotopic distribution; only the peaks at 32, 33, 34, 35, and 36 then need to be con- 
sidered. The O*7 concentration was less than 0. 5 percent, therefore almost all the O17 was 
present as 0I6017 and/or ol^O*8 and the contribution of O^   to the peak at 34 can be neglected. 

The O*8 isotope concentration was then calculated as 0^8/(0^^ + O^8), where 0*8is equal to 
the sum of 1/2 I134 + 1/2 I135 + hßß.and O16 is equal to the sum of I132 + 1/2 1133 + 1/2 1134, where 
the h's stand for peak heights. 

When O1 -enriched CO was used as the source of the oxygen gas, the following peaks were 
observed: 

28 = C12016 

29 = c^O*7, C13016 

30 = C12018, C13017 

31 = C13018 

44 = C120^6 

46 = Cl20l6018 

48 = C12oi8 
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C13 enrichment was 1.1 percent and O17 enrichment was 0.76 percent maximum in the gas 
samples used. Therefore the contribution of the C130*™ species to the peak at 30 is very small 
and can be neglected. A correction for the O*7 contribution to the peak at 29 can be made; since 
the C12/c13 ratio is known, the C13016 contribution to the peak at 29 can be calculated from the 
C;12/cl3 ratio and the height of the peak at 28. Correcting for the O*7 concentration in the gas 
lowered the calculated diffusion coefficient by 1 to 5 percent, therefore it was deemed unnecessary 
to correct for the O*7 gas present. The 0*° concentration was then calculated from the mass 
spectra as 018/(016 + O18), where Oi8is equal to the sum of h30 + 1131 + I146 + 2 1149, and 016is 
equal to the sum of h28 + n29 + 2 h.44 + h^Q. 

The 018-enriched CO2 gas gave rise to the following peaks of the mass spectrometer: 

28 = C12016 

30 = C12018 

44 = C12C-16 

45 = Cl2016017, Cl30|
6 

46 = C^O^O18, C^C-lSo17, C12C>27 

47 - Cl2017018, C13016018, Cl30|7 

48 = Cl20l8, cl30170lS 

49 = C130|8 

The O17 concentration in this gas sample could not be determined exactly from these peaks. 
However, almost all of the O17 will appear as C12016017 and C12017018, and therefore a com- 
parison of the ratio of 44/45 peaks and 46/47 peaks with the ratio of the 48/49 peaks gives us the 
C-l7 contribution to these peaks.  From these data it was calculated that the O17 concentration was 

17 less than 1 percent. As was shown in the experiments with CO, neglecting the O1-' results in only 
a small error in the calculated diffusion coefficient. 

The O18 concentrations were then calculated from the mass spectra as 018/(016 + 018) where 
O18 is equal to the sum of 1/2 h30 + 1/2 1145 + 1/2 h47 + h48 + h49,and O16 is equal to 1/2 h28 
+ h44 + 1/2 h45 + 1/2 h46. 

The mass spectra of the various samples can then be used to calculate the oxygen isotopic 
distributions. The disappearance of the desired oxygen isotope from the gas phase and therefore 
the diffusion into the solid phase can be observed from the change in concentration. 

A sample set of gas enrichments calculated from the mass spectrometer peaks is shown 
in Table 27. 
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APPENDIX VI 

DETERMINATION OF DIFFUSION COEFFICIENTS WITH CONSIDERATION 
OF A PHASE BOUNDARY REACTION 

Reprint of an article by Haul, Dlimbgen, and Just. 
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